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I. INTRODUCTION 
Soft ferromagnetic materials, such as medium-carbon steel, can be easily magnetized and demag- 

netized. The magnetostriction (the induced strains by applied magnetic field) of these materials is very small, of 

the order of  10
-6

, as compared to giant magnetostrictive materials (e.g. Terfenol- D which is a metallic 

compound) which is of the order of  10
-3

. The strain of the latter increases monotonically with the applied 

magnetic field (e.g. Moffet et al. (1991)), but the strain in medium-carbon steel increases first with the applied 

magnetic field, but then drops, Gorkunov et al. (2013). Furthermore, the constitutive equations of soft 

ferromagnetic materials are more complicated than those of giant magnetostrictive materials in the sense that 

the magnetoelastic coupling terms in the former require the inclusion of M2 and M4 (M is the magnetization), 

whereas in the latter only terms involving M2 are included, Zhou et al. (2009). 

Soft ferromagnetic composites consist of soft ferromagnetic particles dispersed in a non- magnetic 

matrix which is usually taken as an electrically insulating polymer (e.g. epoxy resin). By using a polymer as a 

matrix, the resulting magnetic composite can be molded in various de- sired shape. This type of composite 

materials can be used in various applications such as electric motors, transformers and electromagnetic wave 

shielding, see Hultman and Jack (2003), Guo et al. (2003), Bayramli et al. (2005), Hamler et al. (2006), 

Svensson et al. (2012) and Ruffini et al. (2014), for example. Furthermore, since the magnetostriction of soft 

ferromagnetic composites is very small, they can be employed to reduce the noise levels caused by vibrations of 

electromag- netic machines. A review of soft magnetic composites is given by Shokrollahi and Janghorban 

(2007), where a literature review, applications and material selection are discussed. 

The values of the volume fraction of the soft ferromagnetic material in the composites vary depending 

on the application. The polymer may be employed just for the coating of the particles, e.g., Shokrollahi and 

Janghorban (2007), or by adding small amount of the polymer to electrically insulate the particles, e.g., 

Streckova et al. (2013), Dias et al. (2013), Streckova et al. (2015), and in Gramatyka et al. (2006), for example, 

a 5 percent resin volume fraction has been reported. In some other investigations significant values of soft 

ferromagnetic material have been reported, see Svensson et al. (2012) where a 70 percent of particles have been 

reported. In Nowosielski (2007), the content of powder particles mass content varies from 50 to 90 percent, and 

from 3 50 to 96 volume percent have been reported by Tada and Suzuki (2002). In Bednarek (1997), 

experiments have been performed in which the ferromagnetic material volume fraction changed from 0.05 to 
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0.95.  

Multiaxial nonlinear constitutive equations for soft ferromagnetic materials that do not in- clude 

thermal and hysteretic effects have been proposed by Zhou et al. (2009). In the present investigation, these 

constitutive relations are first generalized to include the coupled magneto- thermo-elastic hysteretic effects. 

Subsequently, these coupled multiaxial nonlinear constitutive relations are employed in a micromechanical 

model for the prediction of the macroscopic (global) behavior of soft ferromagnetic composites. To the authors 

knowledge, the only investigations which model the behavior of soft ferromagnetic composites are those who 

predict the effective permeability, see Bednarek (1997) and Paterson et al. (1999), for example. 

In the present investigation, the high-fidelity generalized method of cells (HFGMC) nonlinear 

micromechanics analysis is employed to establish the overall response of the soft ferromagnetic composites. 

This micromechanical model has been employed to model composites of various types, and the veracity of its 

predictions have been illustrated in various circumstances, see Aboudi et al. (2013) which present and discuss 

the HFGMC in general, and its applications on smart composites in particular. The HFGMC has been recently 

employed for the prediction of the behavior of magnetostrictive composites, Aboudi et al. (2014). In the present 

investigation this micromechanics model is further applied to predict the behavior of soft ferromagnetic 

composites by employing the generalized coupled magneto-thermo-elastic of soft ferromagnetic materials with 

hysteretic effects. This modeling should allows the designer to easily determine the composite response 

(magnetostriction, magnetic flux density and effective permeability) for a particular desired application. 

The present article is organized as follows. In Section 2, the generalized coupled constitutive relations, 

the governing equations and interfacial conditions are presented. In the following section a brief description of 

the nonlinear HFGMC model is given. This is followed by the applications section and conclusions. 

 

II. CONSTITUTIVE AND GOVERNING EQUATIONS OF SOFT FERRO- MAGNETIC 

MATERIALS 
The isothermal multiaxial nonlinear constitutive equations of soft ferromagnetic materials which do 

not include hysteretic effects have been offered by Zhou et al. (2009). In the present section, a generalization of 

these equations is given, resulting into multiaxial magneto-thermo-elastic coupled hysteretic constitutive 

relations. 

Consider an isotropic ferromagnetic material that is subjected to an applied stress σij , i, j = 1, 2, 3, and 

a magnetic field intensity Hi at temperature θ. The elastic Gibbs energy, formulated in terms of the independent 

variables ( ij  , Mi, S), is defined by, (Smith (2005), Zhou et al. (2009)) 
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The expression for the strain components in Eq. (5) consists of four parts. The first part is the elastic 

strain produced by stress. Since stress would changes the orientations of magnetic domains in ferromagnetic 

material, the first part for isotropic material, reduces to, Jin et al. (2012), 
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where  is the coefficient of thermal expansion of the material. The third and fourth part in Eq. (5) includes 

magnetostrictive strain and the strain item concerning magneto-thermal coupling. Adopting the quadratic and 

quartic laws of the magne- tostriction of ferromagnetic materials, Jiles (1995), the third part (i.e., the expressions 

involvingMkMl) in Eq. (5) can be written as 
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Finally, the fifth and sixth parts in Eq. (6) represent the magneto-thermo-elastic coupling effect, which 

come from the magneto-thermo-elastic coupling terms of Eq. (4), the same as those dependent on theta in Eq. 

(5): 
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The first term in this equation is similar to the magneto-thermo-elastic coupling term that was 

established by Jin et al. (2012), and the derivation of the second term is analogous to the first term. 

 

It should be noted that due to the considered hysteretic effects in the following, Eq. (15) forms an 

expression for the anhysteretic magnetization Man which incorporates the effects of reversible magnetic domain 

motions, but does not account for irreversible domain wall bowing and translation. However, the consideration 

of domain wall energy yields additional reversible and irreversible components to the magnetization. The 

motion of domain walls when subjected to an applied magnetic field is impeded by the presence of the defects in 

the solid such as inhomogeneous internal stress or non-magnetic inclusions or voids. According to the 

assumption of Jiles and Atherton (1984), all of the nature of those imperfections could be taken as pinning sites, 

which therefore characterize the magnitude of hysteresis property of ferromagnetic materials. The pinning 

energy of a site is proportional to μ0He · (m−m ′), where m and m ′ are the magnetic moment per unit volume of 

a magnetic domain and its adjacent one, respectively, and He is the effective field which can be expressed as 
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where c is the ratio of the initial magnetic susceptibility to the initial anhysteretic susceptibility.  

In this equation, 
an

iM are determined from Eq. (16) and 
irr

iM can be computed by integrating  

Eq. (19).  

The total hysteretic magnetization is given as 

 
Hence the total magnetization Mi can be nonlinearly expressed in terms of magnetic fieldHi, stresses 

ij and temperature θ. Consequently, relations (11) and (22) form the final nonlinear anisothermal constitutive 

equations which govern the response of magnetostrictive material that exhibits hysteretic effects during loading 

and unloading. 

 

The governing equations consist of the equilibrium equations which in the absence of body forces are given by 

 
where Bi are the components of the magnetic flux density vector, should be satisfied. The components 

of Bi are related to the magnetic field intensity components Hi and magnetization  

components Mi in the form 

 

 

can be presented by ij and Bi, expressed in terms of ǫij and Hi or equivalently, in terms of the 

mechanical displacement components ui and the magnetic potential ψ. 

 

At the interface between two materials the following jump conditions must be imposed. 
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where Z is the instantaneous magneto-elastic symmetric matrix of the 9th-order and ¡ is the instantaneous 

thermal vector of nine components. These equations represent the instantaneous behavior of the soft 

ferromagnetic phases of the composite. 

 

III. MICROMECHANICS ANALYSIS OF SOFT FERROMAGNETIC COM- POSITES 
The details of the HFGMC micromechanics analysis of magnetostrictive composites have been 

presented by Aboudi et al. (2014). It is not necessary to derive the details of the generalization to soft 

ferromagnetic composites. Therefore this analysis is briefly described in the following. 

Consider a particulate periodic composite in which some of the phases are soft ferromagnetic materials. 

The composite is described with respect to the global coordinates (x1, x2, x3), see Fig. 1(a). Figure 1(b) shows a 

repeating unit cell (RUC), defined with respect to local coordinates (y1, y2, y3), of the periodic composite. The 

parallelepiped RUC of the composite is divided in to 

 
Figure 1 shows the case in which the repeating unit cell consists of a spherical soft ferromag- netic 

inclusion embedded within a matrix thus forming a two-phase composite. The inclusion can be chosen to fill 

just one subcell which is sufficient for the prediction of the macroscopic (global) behavior of the composite. If 

however the detailed distribution of the field within the repeating unit cell is sought, it is necessary to discretize 

the spherical inclusion into several subcells all of which approximate the spherical shape for a given volume 

fraction. This is well illustrated by  

Fig. 1(b). For example, in order to establish the field distribution in the magnetostrictive par- ticulate 

composite discussed in Aboudi et al. (2014), the repeating unit cell has been discretized into 40×40×40 subcells 

in the three orthogonal directions with the spherical inclusion occupying 1/4 of its volume. 
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(24) equations, together with the interfacial conditions given by Eq. (26). In addition, periodic conditions must 

be imposed to ensure that the tractions, mechanical displacements, normal magnetic flux density and magnetic 

potential are equal at the opposite sides of the repeating unit cell. At each increment of loading, the presently 

generalized micromechanical analysis results 
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IV. APPLICATIONS 
The micromechanical theory, in which the incremental form of the generalized constitutive equa- tions 

of the soft ferromagnetic material have been included as a phase, is presently applied to investigate the response 

of soft ferromagnetic composites under various circumstances. The material properties of a medium carbon steel 

rod are given in Table 1. These material parameters have been determined by fitting the behavior of the soft 

ferromagnetic constituent with the experimental data of Gorkunov et al. (2013). A comparison between the axial 

strain ǫ11 vs. magnetic field H1 prediction of the established constitutive equations for ferromagnetic materials 

and the experimental data of Gorkunov et al. (2013) is shown in Fig. 2(a). It can be readily obsereved 

that the proposed constitutive relations are capable of predicting the magnetostrictive strain of the soft 

ferromagnetic material at different stress and magnetic field levels. Applications are given in the following for a 

particulate soft ferromagnetic material/epoxy composite.  

The epoxy matrix material constants are given in Table 2. 

 

4.1 The Behavior Of The Soft Ferromagnetic Material 
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As a first step in investigating the behavior of the soft ferromagnetic composite, the effect of changing 

the volume fraction vf of the ferromagnetic material on the composite response is considered. In the absence of 

an applied pre-stress, the global (overall) behavior of the composite at room temperature that is subjected to a 

magnetic field in the axial 1-direction is shown in Fig. 5 for -vf = 0.5, 0.7, 0.95 and 1.0 (vf = 1 implies a 

monolithic soft ferromagnetic material). It is clearly observed that the macroscopic magnetostrictions 11 and 

22 in the axial and transverse directions, as well as the global magnetic flux density 1B and the effective 

relative permeability 0*/  are strongly dependent on the ferromagnetic inclusion volume fraction. 

When the composite is subjected to a pre-stress 
0

11 = 50MPa that is applied in the 1- direction, the 

resulting macroscopic response is shown in Fig. 6 for four values of vf. A comparison of this figure with Fig. 5 

reveals the effect of the applied pre-stress. Figure 7 on the other hand displays the effect of applying pre-

temperature deviation of 0  =50 K on the composite. The comparisons of both Fig. 6 and Fig. 7 with Fig. 5 

show that the magnetostrictions are the most affected values by the application of pre-stress and pre-temperature 

on the composite. This is more clearly shown in Fig. 8 where the effect of applied pre-temperatures on the 

composite with vf =0.95 is exhibited. 

As a final illustration, Fig. 9 shows the soft ferromagnetic composite response when the magnetic field 

is applied in both 1 and 2-directions. In this figure, the response of the composite with vf = 0.95 is compared 

with that of the monolithic ferromagnetic material (vf = 1) exhibiting the effect of the biaxial magnetic loading 

on the magnetostrictions, magnetic flux densities and the relative permeability. 

 

 

V. CONCLUSIONS 
Multiaxial nonlinear isothermal constitutive equations that have been presented by Zhou et al. (2009) 

for the modeling of soft ferromagnetic materials have been presently generalized to include magneto-thermo-

elastic coupled effects in conjunction with hysteretic behavior. The calibrated constitutive relations of the soft 

ferromagnetic material have been shown to be capable of predicting the magnetostrictive strain at different 

stress and magnetic field levels. Next, these constitutive equations are incorporated with the HFGMC 

micromechanical analysis for the prediction of the macroscopic (global) response of soft ferromagnetic 

particulate composites. The proposed modeling enables the prediction of the response of soft ferromagnetic 

composites subjected to pre-stresses, pre-temperature followed by the application of a combined magneto- 

thermo-elastic loading. 

As shown, the present micromechanical theory is capable of predicting the effective perme- ability of 

the composite an its variation with the applied loading. Permeability is a measure of the ability to magnetize the 

material, and in using soft ferromagnetic composites, it is desirable to obtain the highest value of effective 
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permeability. The present micromechanical can be easily employed by the designer to predict this property by 

selecting possible desired properties of the phases. The present micromechanical modeling can be further 

extended to include the effect of ex-isting porosities in the composites. If desired, the shape of the ferromagnetic 

particles and their microstructural distribution can be also included in the offered model. 
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Table 1. Material properties of the soft ferromagnetic material. 

 
 

Table 2. The parameters of the thermoelastic epoxy matrix. 
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