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I. INTRODUCTION

The concept of fuzzy set was introduced by L. A. Zadah [13]. The fuzzy concept has invaded
almost all branches of mathematics. The concept of fuzzy topological space was introduced and develped by C.
L. Chang [4]. Atanasov [3] was introduced The concept of intuitionistic fuzzy set, as a generalization of fuzzy
set. This approach provided a wide field to the generalization of various concepts of fuzzy mathematics. In 1997
Coker[7] defined intuitionistic fuzzy topological spaces. Recently many concepts of fuzzy topological space
have been extended in intuitionistic fuzzy (IF) topological spaces. D. Sreeja and C. Janaki [11] intrduced the
concept of mgb-D-sets and Some Low Separation Axioms. Amal M. Al-Dowais and AbdulGawad A. Al-Qubati
[2] studied the concept of slightly mgb-continuous functions in intuitionistic fuzzy topological spaces. In this
paper we introduce and study the concepts of intuitionistic fuzzy mgb-D-sets. We also introduced intuitionistic
fuzzy ngb-D;-spaces for i = 0,1,2, compactness, connectedness and discussed their properties.

Il. PRELIMINARIES
Definition 2.1 [3] Let X be a non empty fixed set. An intuitionistic fuzzy set (IFS in short) A in X is an
object having the form A = {< X,la(X),va(X) > : X € X}, where the function pa(x) : X — [0,1] and
va(x) : X — [0,1] denote the degree of membership (namely pa(x)) and the degree of non-membership
(namely va(x)) of each element x € X to the set A, respectively, and 0 < pa(x) + va(x) < 1 for each x € X.
Denote by IFS(X), the set of all intuitionistic fuzzy sets in X.

Definition 2.2 [3] Let A and B be IFSs of the form A = {< X, Ha(X), va(X) > : x € X} and
B = {< X, hg(X), va(X) >: x € X}. Then :

(@) Ac B ifandonly if pa(x) < pug(x) and va(x) > vg(x) for all x € X.

(b) A=Bifandonlyif AcBandB c A.

(€) A°= {<x,va(X), Ha(X) > : x € X}.

(d) ANB = {<x, Ha(X) A Ha(X),va(X) V vg(X) > : X € X}.

(e) AUB = {< X, Ha(X) V pp(X),va(X) A vg(X) >: X € X}.

(f) A-B= {< X, min(uA(X)a VB(X))s maX(VA(X)! HB(X)) >1XE X}

(@) 0-={<x,0,1>xeX}and1.={<x,1,0>: x € X}.

() 0°~=1.and1°.=0..

Definition 2.3 [5] Let o , B € [0,1] such that a+p < 1. An intuitionistic fuzzy point (IFP) pqg) is
intuitionistic fuzzy set defined by
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I
ge)

(., p) if  x

Pas =
(0,1) if otherwise

In this case, p is called the support of pep and o , p are called the value and no value of pp
respectively.

Clearly an intuitionistic fuzzy point can be represented by an ordered pair of fuzzy point as follows:
Pep) = (Pos Pa-p)

In IFPp(a,B) is said to belong to an IFS A = {< x,pa(X),va(X) >: X € X} denoted by pp € A, if o < pa(x) and
B = va(X).

Definition 2.4 [3] Let X and Y be two nonempty sets and f: X — Y be a function. Then:

(@) If B = {<y, pg(y), va(y) >:y € Y} isan IFS in Y , then the preimage of B under f denoted by f '(B) is the
IFS in X defined by f'(B) ={<x, f '(ug)(x), f '(vg)(X) >: x € X}.

(b) If A ={< X, pa(X), va(X) > : x € X} is an IFS in X, then the image of A under f denoted by f(A) is the IFS in
Y defined by f(A) = {<y, f (Ua)(Y), 1— f(1-va)(y) >: Yy € Y} where,.

sup 1, (x) if f(y) %0,

f(u)(y) =4t
0 if otherwise

sup v, (x) if fH(y)=0.
1-f L=y, )(y)="®
1 if  otherwise

Definition 2.5 [6] An intuitionistic fuzzy topology (IFT in short ) on X is a family t of IFSs in X satisfying the
following axioms :
(i0~.,1. €1
(if) Gy NG, forany G;, Gy in T .
(iii) U G € 1 for any family {G;:i €J} S 1

In this case the pair (X,t) is called an intuitionistic fuzzy topological space (IFTS in short) and any IFT int
is known as an intuitionistic fuzzy open set (IFOS in short) in X. the complement A° of an IFOS A in an IFTS
(X,7) is called an intuitionistic fuzzy closed set (IFCS in short) in X.

Definition 2.6 [7] A subset A of an intuitionistic fuzzy space X is said to be clopen if it is intuitionistic fuzzy
open set and intuitionistic fuzzy closed set.

Definition 2.7 [4] Let (X,1) be an IFTS and A = {< X,ua(X),va(X) >: X € X} be an IFS in X. Then the
intuitionistic fuzzy interior and an intuitionistic fuzzy clousre are defined by :

int(A) =U {G : Gisan IFOS in X and G € A}
cl(A)={K:Kisan IFCSin X and A € K}

Definition 2.8 An IFS A of an IFTS (X,7) isan:

1. Intuitionistic fuzzy regular open set (IFROS in short) if int(cl(A)) = A. [7]

2. Intuitionistic fuzzy regular closed set (IFRCS in short) if cl(intl(A)) = A. [7]

3. Intuitionistic fuzzy m-open set (IFzOS in short) if the finite union of intuitionistic fuzzy regular open sets. [10]
4. Intuitionistic fuzzy n-closed set (IFxCS in short) if the finite intersection of intuitionistic fuzzy regular closed
sets. [10]

_______________________________________________________________________________________________________________________________________|]
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5. Intuitionistic fuzzy generalized open set (IFGOS in short) if F < int(A) whenever F € A and F is an IFCS in
X. [12]

6. Intuitionistic fuzzy generalized closed set (IFGCS in short) if cl(A) S U whenever A € U and U is an IFOS
in X . [12]

7. Intuitionistic fuzzy b-open set (IFbOS in short) if A < cl(int(A)) v int(cl(A)). [1]

8. Intuitionistic fuzzy b-closed set (IFbCS in short) if cl(int(A)) U int(cl(A)) € A. [1]

9. Intuitionistic fuzzy semi-open set (IFSOS in short) if A < cl(int(A)). [7]

10. Intuitionistic fuzzy semi-closed set (IFSCS in short) if int(cl(A)) € A. [7]

11. Intuitionistic fuzzy a-open set (IFaOS in short) if A < int(cl(int(A))). [7]

12. Intuitionistic fuzzy a-closed set (IFaCS in short) if cl(int(cl(A))) € A. [7]

13. Intuitionistic fuzzy pre-open set (IFPOS in short) if A < int(cl(A)). [7]

14. Intuitionistic fuzzy pre-closed set (IFPCS in short) if cl(int(A)) € A. [7]

Definition 2.9 [9] Let (X,7) be an IFTS and A be an IFS in X. Then the intuitionistic fuzzy b-interior and an
intuitionistic fuzzy b-clousre are defined by :
bint(A) = U {G : G isan IFbOS in X and G € A}

bel(A) =) {K : Kiisan IFbCS in X and A € K}

Theorem 2.10 Let A be an intuitionistic fuzzy set of an IFTS (X,r), then :
(i) bel(A) = AU [int(cl(A)) N cl(int(A))]
(i) bint(A) = A [int(cl(A)) U cl(int(A))]

Definition 2.11 [2] An IFS A of an IFTS (X,7) isan :

1. Intuitionistic fuzzy ngb-open set (IFxgbOS in short) if F < bint(A) whenever F € A and F is an IFaCS in X.
2. Intuitionistic fuzzy ngb-closed set (IFzgbCS in short) if bcl(A) € U whenever A € U and U is an IFzOS in
X.

Definition 2.12 [2] Let f be a function from an IFTS (X,t) into an IFTS (Y,o). Then f is said to be an
intuitionistic fuzzy mgb-continuous if f ~(F) is an intuitionistic fuzzy mgb-closed in (X,t) for every intuitionistic
fuzzy closed set F of (Y,0).

Definition 2.13 [2] Let f be a function from an IFTS (X,r) into an IFTS (Y,oc). Then f is said to be an
intuitionistic fuzzy mgb-irresolute if f '(F) is an intuitionistic fuzzy mgb-closed in X for every intuitionistic fuzzy
ngb-closed set F of Y .

Definition 2.14 [2] An IFTS (X,7) is called (rgb — Ty) if and only if for each pair of distinct intuitionistic fuzzy
poiNnts Xe.p) , Y5 iN X there exists an intuitionistic fuzzy ngb-open set U,€ X such that X, € U,y & U.

Definition 2.15 [2] An IFTS (X,7) is called (xgb — T,) if and only if for each pair of distinct intuitionistic fuzzy
points X , Y5 in X there exists intuitionistic fuzzy ngb-open sets U,V € X such that X, 5 € U,y5 € U and
Yoo € VXap € V.

Definition 2.16 [2] An IFTS (X,7) is said to be ngb—T, or ngb-Hausdorff if for all pair of distinct intuitionistic
fuzzy points x(o,p) , y(v,8) in X there exits IFrgb open sets U,V € X such that Xp € U,y € Vand U NV =

Main Results And Applications

Definition 3.1 An IFS A of an IFTS (X;1) isan :

i) Intuitionistic fuzzy D-set if there exits IF open sets U,V in (X,t) such that U # 1. and

A=U-V.

ii) Intuitionistic fuzzy semi-D-set if there exits IF semi-open sets U,V in (X,t) suchthat U# 1.and A=U -V .
iii) Intuitionistic fuzzy a-D-set if there exits IF a-open sets U,V in (X,7) suchthat U#1-and A=U-V.

iv) Intuitionistic fuzzy pre-D-set if there exits IF pre-open sets U,V in (X,t) such that U# 1.and A=U -V .

V) Intuitionistic fuzzy b-D-set if there exits IF b-open sets U,V in (X,t) suchthat U# 1.and A=U-V.

Remark 3.2 Clearly every IFOS ( respectively IFSO, IFaOS, IFPOS, IFbOS) U different from 1. is an IFD-set
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(‘respectively IFSD-set, IFaDset, IFPD-set, IFb-set ) if A=U and V = 0.-.

The converse of the above remark is not true.

Example 3.3 Let X ={a,b}, A={<4a, 0.1,09><b,08,02>} B={<4a 0.2,08><Db,0.9 01>} and IFTS
t=1{0~.,1., A B}. Then, D ={<a, 0.1, 0.9 >< b, 0.1, 0.9 >} is an (IF-D-set, IFa-D-set, IFS-D-set, IFP-Dset
and IFb-D-set) but not an (IFOS, IFaOS, IFSOS, IFPOP and IFbOS).

Since U={<4a,0.1,09><hb,08,02>}#1-.andV={<ga 0.2 08> ,<b, 0.9, 0.1 >} are (IFOSs, IFaOSs,
IFSOSs, IFPOSs and IFhOSs) in (X,1), U-V=UNV *=D.

Theorem 3.4 (i) Every IFD-set is an [FaD-set , IFSD-set , IFPD-set and IFbD-set .
(ii) Every IFaD-set is an IFSD-set , IFPD-set and IFbD-set .
(iii) Every IFSD-set and IFPD-set is an IFbD-set.

Proof. Obvious. L

Definition 3.5 An IFS A of an IFTS (X,r) is called IF ngb-D-set if there exits IFzgb open sets U,V in (X,t) such
thatU #1.and A=U-V.

Remark 3.6 Every IF ngb-open set U different from 1. is an IFngb-D-setif A=Uand V =0-.

Example 3.7 Let X ={a,b,c},and A={<4a,1,0><b,0,1><¢,0,1>},B={<a, 0,1><b,0.8,02><c,
03,07>},C={<a,1,0><hb,08,02><¢c 03,07 >} andis IFTS 7= {0~,1~,AB,C}. Then D={< 4,0,
1><b, 02 08><c, 0.7, 0.3 >} is an IFrgb-D-set but not IF ngb-open set. Since U = {< a,1,0 >,< b,0.4,0.6
><¢,0.7,03>} #1. and V={<4a,1,0><b,0.8,0.2><c, 0.1, 0.9 >} are IF ngb-open sets in (X,7), U-V =
UNVE® =D, then D is an IFngb-D-set but not IF tgb-open set. Since C° (z-closed set)S D and C° € bint(D) = 0-.

Theorem 3.8 Every IFD-set, IFaD-set, IFPD-set, IFSD-set, IFbD-set is an IFngb-D-set.

Proof. Since every IFOS, IFaOS, IFPOS, IFSOS and IFbOS is an IFrgbOS. Then the proof is dirctly clear.
|

The converse of the above theorem is not true.
Example 3.9 Let X ={a,b,c}, and A={<4a, 1,0><b,0,1><¢01>},B={<al0><b, 1,0><c0,1>},

thent={0.,1.,A,B}. ThenD={<4a,0,1><Db, 1, 0><c, 1, 0>}isan IFtgb-D-set but not IFD-set, [FaD-
set and IFSD-set.

IFmghOS
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Definition 3.10 X is said to be an :

1. IFngb- Dy if and only if for each pair of distinct intuitionistic fuzzy points, X« , Y5 in X there exists an
intuitionistic fuzzy ngb-D-set U€ X such that X € U, Y5 & U.

2. IFngb-D, if and only if for each pair of distinct intuitionistic fuzzy points X ,Yw.s in X there exists
intuitionistic fuzzy ngb-D-sets U,V € X such that X, € U,Y5 & Uand, Yuzs € V.Xup € V.

3. IFngb-D,(IFngb-D-Hausdorf) if for all pair of distinct intuitionistic fuzzy points X, Y5 in X there exits
IFrgb-D-sets U,V € X such that X € U,y € Vand U NV =0..

Theorem 3.11 1. If (X,7) is IF ngb-T;, then (X,7) is IF ngb-D;; i =0,1,2.
2. If (X,v) is IF ngb-D;, then (X,7) is IF mgb-Dy ; i =1,2. 3. If (X,7) is IF ngb-T;, then (X,7) is IF ngb-T;; ;i =
1,2.

Theorem 3.12 For an intuitionistic fuzzy topological space (X,t). the following statements hold:
1. (X,7) is IF mgb-Dy if and only if it is IF wgb-T,.
2. (X,7) is IF mgb-Dy if and only if it is IF ngb-D,.

Proof. (i) = Let (X,7) be IF ngb-D,. Then for any two distinct IF points X ,Yv.s in X, let X,p belongs to IF
ngbD-set G where y(v,0) & G. Let G = U; —U, where U, # 1. and U;,U, are IF ngbOSs in X. Then X, € U;
for yus & G we have two cases : (8) Yv.s & Ui (D) Yo.s) € Uz and y 5 € Uo. In case (a), Xup € Uy but y 5 &
U, ;incase (b) Y5 € Uz and X,5) & U, Hence (X,1) is IF ngb-T, .

< By theorem (3.11) (1)

(ii) = Suppose (X,7) is an IF mgb-Dy, then for each distinct IFP’s pair Xp) ,Y(v5) in (X,7), we have IF ngbD-sets
G, and G, such that X(a,p) € G, and Y. & Gy, X(a,p) Z G, and Yo.5) € G,.LetG;=U—U, and G, = Us;—U,. By
Xwp & Gy it follows that either X p & Us Or X5 € Uz and X p) € Us.

Now we have two cases : (i) X & Us. BY Y5 & Giwe have two subcases : (a) Y5 & Ui BY Xup)
€ U; —U,, it follows that X € Uy —(U,U Us) and by y,5 € Us —U,, we have y,s € Us —(U; U U,). Hence
Ul _(U3U Uz)) ﬂ ( U3 _(U1U U4)) =0.. (b) y(v,ﬁ) € U]_ and y(v,é) € U2, we have X((x,ﬁ) € U]_ _U2 Y ) € Uz =
(Ul _Uz) ﬂ Uz =0.. ( ||) X(a,ﬁ) € U3 and X(a,ﬁ) € U4. We have y(V,B) € U3 - U4, X((XWB) € U4 = (U3 _U4) ﬂ U4 =
0-. Thus (X,7) is IF ngb-D,. < By theorem (3.11) (2) [ ]

Theorem 3.13 If (X,1) is IF ngb-D;, then it is IF ntgb-T,.

Proof. By theorem (3.11) and theorem (3.12). ]

IF tgh-T }—>| IF tgb-T1 ]—»[IF?{gEJ-IU}
[ ,Lob Dg]«—{ﬂ? JLDE} D1HIF ,Lc,b Do]

Theorem 3.14 Let f: (X,1) — (Y,c) be an IFzgb-continuous surjective function and S is an IFD-set of (Y,0),
then the inverse image of G is an IFngb-D-set of (X,1).

Proof. Let U; and U, be two IF open sets of (Y,o). Let G = U; —U, be an IFD-set and U; # 1. . We have f
(Uy), fY(U,) € IFrgbOSs in (X,7) and f *(Uy) # 1~. Hence f (G) = f (U, — U,) = f (Uy) — f (U,). Hence f
"1(G) is an IFmgb-D-set. n

Theorem 3.15 Let f: (X,1) — (Y,0) be an IFngb-irresolute surjection function and E is an IFrgb-D-set of (Y,0),
then the inverse image of E is an IFrngb-D-set of (X,7).
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Proof. Let E be an IFrngb-D-set in (Y,o). Then there are an IFrgb-open sets U; and U, in Y such that E = U,
—U, and U, # 1y . Since f is IFngb irresolute, f *(Uy) and f *(U,) IFngb-open sets in X. Since Uy # 1-y , we
have f (Uy) # 1-x. Hence f (E) = f }(U, — U,) = f }(Uy) — f (U,) is an IFngb-D-set in (X,1). n

Theorem 3.16 Let f: (X,1) — (Y,0) be an IFrgb-continuous bijective function and (Y,o) is an IFD;-space, then
(X,t) is an IFrgb-D,-space.

Proof. Suppose (Y,o) is an IFD;-space. Let X5, Yv.5) be any distinct IFPs in X. Sence f is injective and (Y,o) is
an IFD,-space, then there exists IFD-sets S; and Sz of (Y,0) contammg f(Xwp) and f(yy.s) respectively that
f(Xwp) & S2and f(yus) & Si. By theorem(3 14) - (Sl) and f (S,) are IFngb-D-sets in X containing X(o,p) and
Y5 respectively such that X,p & 1(s,) and Yoo €T 1(S,). Hence (X,7) is an IFngb-D;-space. ]

Theorem 3.17 Let (Y,o0) be an [Fngb-D; and f: (X,t) — (Y,0) is [Fngb irresolute bijective function, then (X,1)
is an IFrgb-D,-space.

Proof. Suppose (Y,0) is IFngb-D;-space and f is is IFngb-irresolute bijective function. Let Xp) , Y5 be any
distinct IFPs in (X,t). Sence f is injective and Y is an IFD;-space, then there exists IFD-sets S; and S, of Y
containing f(X.,p) and f(y.s) respectively that f(xp) €& S, and f(y.s) €& Si. By theorem(3.15) f (Sy) and
f 1(S,) are IFngb-D-sets in X containing X@p) and Y5 respectively such that x,p ¢ f (S,) and Yos) &
“(S,). Hence (X,1) is an IFngb-D;-space. m

Theorem 3.18 A topological space (X,t) is IFngb-D;-space if for each pair of distinct IFPs X . Y5 IN (X,7),
there exists an IFmgb-continuous surjective function f : (X,1) — (Y,o) where (Y,o) is an IFD; space such that
f(X(op) and f(y.s) are distinct.

Proof. Let X« , Y5 be any distinct IFPs in (X,t) and f is an IFrgb-continuous surjection function of an IFS
(X,7) onto an IFD, space (Y,o) such that f(X.p) # f(Yv.s). Hence there exists disjoint IFD-sets U; and U, in
(Y,o) such that f(X@p) € Ur and f(y.s) € Uy Since f is an IFngb-continuous surjective function, by theorem
(3.14) f (U, and f Y(U,) are disjoint IFrgb-D-sets in X containing X@p and Y5 respectively. Hence (X,1)
is an IFzgbD;-space. ]

Theorem 3.19 (X,7) is IFngb-D;-space if and only if for each pair of distinct IFPs X, Y5y € X, there exists
an IFngb-irresolute surjective function f: (X,tr) — (Y,o), where (Y,o) is an IFngb-D; space such that f(x) and
f(yw,5) are distinct.

Proof. Necessity. For every pair of distinct IFP's of (X,1), it suffices to take the identity function on (X,1).
Sufficiency. Let X , Y(v.5) be any distinct IFPs in (X,7) there exists an IFngb-irresolute surjection function of an
IFS (X,7) onto an IFngb-D, space (Y,o) such that f(X.p) # f(Y.s). Hence there exists disjoint IFzgb-D-sets

U; and U, in (Y, c) such that f(x(a p) € Ug and f(y.z5) € Uy. Since f is an IFngb-irresolute surjection function, by
theorem (3.15) f *(U,) and f }(U,) are disjoint IFxgb-D-sets in (X,t) containing X@wp and Y5 respectively.
Hence (X,7) is an IFrgb-D;-space. [ ]

Definition 3.20 An IFTS (X,7) is said to be IFrgb-D-disconnected if there exists IFrgb-D-open set A, B in
(X,t) such that A # 0~ , B # 0, such that AUB = 1. and ANB = 0~ . If X is not IFagb-D-disconnected then it is
said to be IFrgb-D-connected.

Theorem 3.21 Let f: (X,1) — (Y,o0) be an IFrgb-D-continuous surjection, and (X,t) is an IFrtgb-D-connected,
then (Y,o) is an IFD-connected.

Proof. Assume that (Y,o) is not IFD connected then there exists nonempty IFOS's A and B in (Y,o) such that
AUB =1.and ANB = 0. . Therefore, A and B are intuitionistic fuzzy open sets in Y . Since f is IFngb-D-
continuous C = f *(A) #0~, D = f (B) # 0-, which are IFzgb-D-open sets in X. And f *(A) u f '(B) = f (A
U B)=f*(1.) = 1~ which impliessC U D=1-,f %A) N f(B) =f %A N B) = *(0~) = 0~ which implies C
N D = 0-. Thus X is IFrgb-D-disconnected, which is a contradiction to our hypothesis. Hence (Y,o) is an IFD-
connected. ]

_______________________________________________________________________________________________________________________________________|]
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Definition 3.22 Let (X,7) be an IFTS. A family {< X, Hgi(X), vei(X) > : i € J} of an intuitionistic fuzzy ngb-D-
sets in (X,t) satisfies the condition 1. = S{< X, Hgi(X), vsi(X) > ; i € J} is called an intuitionistic fuzzy ngb-D
cover of (X,1). A finite subfamily of an intuitionistic fuzzy ngb-D cover {< X, Ugi(X), vgi(X) > : i € J} of (X,7)
which is also an intuitionistic fuzzy ngb-D cover of (X,1) is called a finite subcover of {< X, Hgi(X), vai(X) >: i €

1.

Definition 3.23 An IFTS (X,7) is called intuitionistic fuzzy ngb-D-compact if each intuitionistic fuzzy ngb-D-set
cover of (X,1) has a finite subcover of (X,1).

Theorem 3.24 Let f: (X,1) — (Y,o0) be an IFrgb-continuous surjection, (X,t) is an intuitionistic fuzzy ngb-D-
compact space, then (Y,o) is an intuitionistic fuzzy D-compact.

Proof. Let f: (X,t) — (Y,0) be an IFzgb-continuous function from an intuitionistic fuzzy ngb-D-compact space
(X,7) onto an intuitionistic fuzzy topological space (Y,o). Let {A; ; i € J} be an intuitionistic fuzzy ngb-D cover
of Y, then {f *(A) ; i € J} is an intuitionistic fuzzy ngb-D cover of X. Since X is intuitionistic fuzzy ngb-D-

compact it has finite intuitionistic fuzzy subcover say {f (A1), f (A cervrennn. , F 1(An)}. Since fis onto, {A,,

Aoy , A} is an intuitionistic fuzzy cover of (Y,o), by intuitionistic fuzzy D cover has a finite subcover

and so (Y,o) is intuitionistic fuzzy D-compact. [ |
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