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I. Introduction 
In topological spaces locally closed sets were studied more by Bourbaki [2] in 1966, which is the 

intersection of an open set and a closed set. Kuratowski [4] was introduced the local function in ideal spaces. 

Vaidyanathaswamy [10] was given much importance to the topic and ideal topological space. Balachandran, 

Sundaram and Maki [1] introduced and investigated the concept of generalized locally closed sets. 

Navaneethakrishnan and Sivaraj [7] were introduced the concept of Ig-locally*-closed sets in ideal topological 

spaces. Navaneethakrishnan, Paulraj Joseph and Sivaraj [8] introduced and investigated the concept of Ig-

normal and Ig-regular spaces. The purpose of this paper is to introduce and study the notions of locally closed 

sets, normal space and connectedness in Ideal topological spaces. We study the notions of δ̂ s-locally closed 

sets, δ̂ s-normal space, δ̂ s-separated sets and δ̂ s-connectedness in ideal topological spaces. 

 

II. Preliminaries 

Definition 2.1. Let (X, ) be a topological space. A subset A of X is said to be 

(i) a generalized closed (briefly g-closed) set [5] if cl(A)  U whenever A  U and U is open in (X, ). 

(ii) a generalized locally closed (briefly GLC) set [1] if A = U  F where U is g-open and F is g-closed in (X, ). 

 

Definition 2.2. For a subset A of (X, ). 

(i) A  GLC* (X, ) [1] if there exist a g-open set U and a closed set F of (X, ) such that A = U  F. 

(ii) A  GLC**(X, ) [1] if there exist an open set U and a g-closed set F of (X, ) such that A = U  F. 
 

Definition 2.3. A topological space (X, ) is said to be T½-space [5] if every g-closed set in it is closed. 

Definition 2.4. Let (X, , I) be an ideal space. A subset A is said to be  

(i) Ig-closed [3] if A* U whenever AU and U is open. 

(ii) Ig-locally *-closed [7] if there exist an Ig-open set U and a *-closed set F such that A = U  F. 

 

Notation 2.5. The class of all Ig-locally *-closed sets in (X, , I) is denoted by IgLC (X, , I) or simply IgLC. 

 

Definition 2.6. [11] Let (X, , I) be an ideal topological space, A a subset of X and x a point of X. 

(i) x is called a -I-cluster point of A if Aint(cl*(U)) ≠  for each open neighborhood of x. 

(ii) The family of all -I-cluster points of A is called the -I-closure of A and is denoted by [A]-I and 

(iii) A subset A is said to be -I-closed if [A]-I = A. The complement of a -I-closed set of X is said to be -I-
open. 

 

Remark 2.7. [9] From Definition 2.6 it is clear that [A]-I = {xX : int(cl*(U))  A ≠ , for each U(x)}. 

Notation 2.8. [9] [A]-I is denoted by cl(A). 
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discussed some of their properties. 

Keywords and Phrases: δ̂ s-locally closed sets, δ̂ s-normal space, δ̂ s-connected space. 

 



On some locally closed sets and spaces in Ideal Topological Spaces 

| IJMER | ISSN: 2249–6645 |                           www.ijmer.com                            | Vol. 5 | Iss.4| Apr. 2015 | 39| 

Definition 2.9. [9] Let (X, , I) be an ideal space. A subset A of X is said to be δ̂ s-closed if cl(A)  U 

whenever AU and U is semi-open. 
 

Lemma 2.10. [11] s  -I  . 
 

Remark 2.11. [11] s and -I are topologies formed by -open sets and -I-open sets respectively. 
 

Lemma 2.12. [9] Intersection of a δ̂ s-closed and -I-closed set is δ̂ s-closed. 

 

Lemma 2.13. [9] cl(A) = {xX : int(cl*(U))  A ≠ , for all U(x)} is closed. 

 
Remark 2.14. 1.[5] It is true that every closed set is g-closed but not conversely 

 2. [3] every g-closed set is Ig-closed but not conversely. 

 3. [9] every -I-closed set is δ̂ s-closed but not conversely. 

 4. [11] every -I-closed set is closed but not conversely. 
 

III. δ̂ S-LOCALLY CLOSED SETS 
 In this section we introduce and study a new class of generalized locally closed set in an ideal 

topological space (X, , I) known as δ̂ s-locally closed sets. 

Definition 3.1. A subset A of an ideal topological space (X, , I) is called δ̂ s-locally closed set (briefly δ̂ slc) if 

A = U  F where U is δ̂ s-open and F is δ̂ s-closed in (X, , I). 

 

Notation 3.2. The class of all δ̂ s-locally closed sets in (X, , I) is denoted by δ̂ sLC (X, , I) or simply δ̂ sLC. 

 

Definition 3.3. For a subset A of (X, , I), A δ̂ sLC* (X, , I) if there exist a δ̂ s-open set U and a closed set F 

of (X, , I) such that A = U  F. 

Definition 3.4. For a subset A of (X, , I), A δ̂ sLC** (X, , I) if there exist an open set U and a δ̂ s-closed set 

F of (X, , I) such that A = U  F. 
 

Proposition 3.5. Let A be a subset of an ideal space (X, , I). Then the following holds. 

(i) If A δ̂ sLC, then AGLC 

(ii) If A δ̂ sLC*, then AGLC, AGLC*, AIgLC 

(iii) If A  δ̂ sLC**, then AGLC**, AGLC 

 

Proof. The proof follows from the Remark 2.14 and Definitions. 

 

Remark 3.6. The following examples shows that the converse of the above proposition is not always true. 

 

Example 3.7. Let X = {a, b, c, d},   = {X, , {b}, {a, b}, {b, c}, {a, b, c}, {a, b, d}} and I = {, {c}}. Let A = 

{a, b, c}. Then AGLC, GLC*, GLC** but not in δ̂ sLC, δ̂ sLC*. 

 

Example 3.8. Let X = {a, b, c, d},   = {X, , {b}, {a, b}, {b, c}, {a, b, c}, {a, b, d}} and I = {, {b}, {d}, {b, 

d}}. Let A = {a, c}. Then AGLC, GLC*, IgLC but not in δ̂ sLC**. 

 

Theorem 3.9. For a subset A of an Ideal Space (X, , I). A  δ̂ sLC* if and only if  A = U cl(A) for some δ̂ s-

open set U. 

 

Proof. Necessity - Let A δ̂ sLC*, then there exist a δ̂ s-open set U and a closed set F in (X, , I) such that A = 

U  F. Since A  U and A  cl(A), we have A  U  cl(A). Conversely, since A  F, cl(A)  cl(F). Since F is 

closed, cl(F) = F. Therefore, cl(A)  F and A = U  F  U  cl(A). Hence A = U  cl(A). 

 

Sufficiency - Since U is δ̂ s-open and cl(A) is closed we have U  cl(A)  δ̂ sLC*. 
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Theorem 3.10. For a subset A of an Ideal Space (X, , I). cl(A) – A is δ̂ s-closed, if and only if A  (X–cl(A)) 

is δ̂ s-open. 

 

Proof. Necessity - Let F = cl(A)–A. By hypothesis, F is δ̂ s-closed and X–F = X  (X–F) = X  (X–(cl(A) –A)) 

= A  (X–cl(A)). Since X–F is δ̂ s-open, A  (X–cl(A)) is δ̂ s-open. 

Sufficiency - Let U = A (X–cl(A)). By hypothesis U is δ̂ s-open. Then X–U is δ̂ s-closed and X–U = X–

(A(X–cl(A)) = cl(A)  (X–A) = cl(A) –A. Hence proved. 

 

Definition 3.11. [9] The intersection of all δ̂ s-closed subset of (X, , I) that contains A is called δ̂ s-closure of A 

and it is denoted by δ̂ scl(A). That is δ̂ scl(A) =  {F:AF, F is δ̂ s-closed}. δ̂ scl(A) is always δ̂ s-closed. 

 

Theorem 3.12. For a subset A of an Ideal Space (X, , I), the following are equivalent. 

(i) A  δ̂ sLC 

(ii) A = U  δ̂ scl(A) for some δ̂ s-open set U 

(iii) δ̂ scl(A) – A is δ̂ s-closed 

(iv) A  (X– δ̂ scl(A)) is δ̂ s-open. 

 

Proof. (i)  (ii). Let A δ̂ sLC, then there exist a δ̂ s-open set U and a δ̂ s-closed set F in (X, , I) such that A = 

U  F. Since A  U and A  δ̂ scl(A), we have A  U  δ̂ scl(A). Conversely, since A  F, δ̂ scl(A)  δ̂ s-

cl(F). Since F is δ̂ s-closed, δ̂ scl(F) = F. Therefore, δ̂ scl(A)  F and A = UFU δ̂ scl(A). This proves (ii) 

(ii)  (i). Since U is δ̂ s-open and δ̂ scl(A) is δ̂ s-closed we have U  δ̂ scl(A)  δ̂ sLC. 

(iii)  (iv). Let F = δ̂ scl(A)–A. By hypothesis, F is δ̂ s-closed and X–F = X  (X–F) = X  (X–( δ̂ scl(A) –A)) 

= A  (X– δ̂ scl(A)). Since X–F is δ̂ s-open, A  (X– δ̂ scl(A)) is δ̂ s-open. 

(iv)  (iii). Let U = A (X– δ̂ scl(A)). By hypothesis U is δ̂ s-open. Then X–U is δ̂ s-closed and X–U = X–

(A(X– δ̂ scl(A)) = δ̂ scl(A)  (X–A) = δ̂ scl(A) –A. This proves (iii). 

(ii)  (iv). Let A = U  δ̂ scl(A) for some δ̂ s-open set U. Now, A (X– δ̂ scl(A)) = (U δ̂ scl(A))  (X–

δ̂ scl(A)) = (UX– δ̂ scl(A))  ( δ̂ scl(A)  (X– δ̂ scl(A)) = (UX– δ̂ scl(A))  X = (U  (X– δ̂ scl(A))) is δ̂ s-

open. 

(iv)  (ii) Let U = A (X– δ̂ scl(A)). Then U is δ̂ s-open. Now, U  δ̂ scl(A) = (A(X– δ̂ scl(A)))  δ̂ scl(A) = 

( δ̂ scl(A) A)  ( δ̂ scl(A)  (X– δ̂ scl(A))) = A   = A. Therefore A = U  δ̂ scl(A) for some δ̂ s-open set U. 

 

Theorem 3.13. For a subset A of (X, , I). If A δ̂ sLC** then there exist an open set U such that A = U  

δ̂ scl(A).  

 

Proof. Let A δ̂ sLC**. Then there exists an open set U and a δ̂ s-closed set F in (X, , I) such that A = UF. 

Since AU and A δ̂ scl(A), we have AU δ̂ scl(A). Conversely, since AF, δ̂ scl(A)  δ̂ scl(F). But 

δ̂ scl(F)=F, since F is δ̂ s-closed. Therefore, δ̂ scl(A)F and A=UF U δ̂ scl(A). 

 

Theorem 3.14. Let A and B be any two subsets of (X, , I). If A δ̂ sLC* and B is closed, then AB δ̂ sLC*. 

 

Proof. If A δ̂ sLC* then there exists a δ̂ s-open set U and a closed set F in (X, , I) such that A=UF. Now, 

AB = (UF) B = U(FB)  δ̂ sLC*. 

 

Theorem 3.15. Let A and B be two subsets of (X, , I). If A δ̂ sLC** and B is open then AB δ̂ sLC**. 

 

Proof. If A δ̂ sLC**, then there exist an open set U and a δ̂ s-closed set F such that A = UF. Then 

AB=(UF)B = (UB) F  δ̂ sLC**. 
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 Since X is open, closed, δ̂ s-open and δ̂ s-closed, a δ̂ s-closed subset A of X belongs to δ̂ sLC and 

δ̂ sLC**. A δ̂ s-open subset B of X belongs to δ̂ sLC and δ̂ sLC*. A closed subset C of X belongs to δ̂ sLC* and 

an open subset of X belongs to δ̂ sLC**. The following examples shows that the converse of all are not always 

true. 

 

Example 3.16. Let X = {a, b, c, d},  = {X, , {b}, {a, b}, {b, c}, {a, b, c}, {a, b, d} and I = {, {b}, {c}, {b,c}. 

Let A = {b,c}. Then A δ̂ sLC and δ̂ sLC** but A is not δ̂ s-closed. 

 

Example 3.17. Let X and  as in Example 3.16 and I = {, {a}, {b}, {a,b}. Let A = {a, c}. Then A δ̂ sLC and 

δ̂ sLC* but A is not δ̂ s-open. 

 

Example 3.18. Let X and  as in Example 3.16 and I = {, {a}, {d}, {a,d}. Let A = {b, c}. Then A δ̂ sLC* but 

A is not closed. 

 

Example 3.19. In Example 3.7. Let A = {a, d}. Then A  δ̂ sLC** but A is not open. 

 

Theorem 3.20. Let (X, , I) be T½-space. If A is δ̂ s-closed, then A δ̂ sLC*. 

 

Proof. Let (X, , I) be a T½-space and A be a δ̂ s-closed set. Since every δ̂ s-closed set is g-closed, A is g-closed. 

By hypothesis, A is closed and hence A δ̂ sLC*. 

 

Theorem 3.21. Let (X, , I) be an ideal space and A, B are subsets of X. Then the following hold. 

(i) If A, B  δ̂ sLC* then A B  δ̂ sLC*. 

(ii) If A, B δ̂ sLC then AB  δ̂ sLC. 

(iii) If A, B  δ̂ sLC** then AB  δ̂ sLC** 

 

Proof. (i) Since A, B  δ̂ sLC*, there exist δ̂ s-open sets U, V and closed sets F, G such that A = UF and B = 

V  G. Now, AB = (UF)  (VG) = (UV) (FG)  δ̂ sLC*. 

The proof of (ii) and (iii) are similar to the proof of (i). 

 

Definition 3.22. A subset A of an ideal topological space (X, , I) is called δ̂ s-locally -I-closed set if A = UF 

where U is δ̂ s-open and F is -I-closed. 

 The class of all δ̂ s-locally -I-closed set is denoted by δ̂ sILC (X, , I) or simply δ̂ sILC. 

Definition 3.23. For a subset A of an ideal space (X, , I), A δ̂ sILC* if A = UF where U is -I-open and F is 

δ̂ s-closed. 

 

Theorem 3.24. Let A be a subset of an ideal space (X, , I). Then the following holds 

(a) If A δ̂ sILC then A δ̂ sLC, A δ̂ sLC*, AGLC, AGLC* 

(b) If A δ̂ sILC* then A δ̂ sLC, A δ̂ sLC**, AGLC, AGLC**. 

 

Proof. The proof follows from the Definitions and Remark 2.14 

 The following examples shows that the converse is not hold always. 

 

Example 3.25. Let X = {a, b, c, d},  = {X, , {a}, {a, d}} and I = {, {a}}. Let A = {b, c}. Then A δ̂ sLC*, 

GLC, GLC* but not in δ̂ sILC. Let B = {a, d}. Then B δ̂ sLC**, GLC, GLC** but not in δ̂ sILC. 

 

Example 3.26. Let X = {a, b, c, d},  = {X, , {a, b, c}} and I = {, {a}}. Let A = {a, b, d}. Then A δ̂ sLC but 

not in δ̂ sILC. Let B = {a, b}. Then B δ̂ sLC but not in δ̂ sILC*. 

 

Theorem 3.27.  For a subset A of (X, , I), the following are equivalent. 
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(i) A δ̂ sILC (X, , I). 

(ii) A = Ucl(A) for some δ̂ s - open set U. 

(iii) cl(A) – A is δ̂ s - closed. 

(iv) A(X–cl(A)) is δ̂ s - open. 

 

Proof.  (i)(ii) If A δ̂ sILC, then there exist a δ̂ s – open set U and a -I-closed set F such that A = UF. 

Clearly AUcl(A). Since F is -I-closed, cl(A)  cl(F) = F and so Ucl(A)UF=A. Therefore A = 

Ucl(A) for some δ̂ s - open set U. 

(ii)(i) Since U is δ̂ s – open and cl(A) is -I-closed, we have A = Ucl(A)  δ̂ sILC. 

(iii)(iv) Let F = cl(A)–A. By assumption F is δ̂ s-closed and X–F = X– (cl(A)–A) = A(X–cl(A)). Since 

X–F is δ̂ s-open, we have A(X–cl(A)) is δ̂ s-open. 

(iv)(iii) Let U = A(X–cl(A)). Then U is δ̂ s-open, by hypothesis. This implies that X–U is δ̂ s-closed and 

X–U = X–(A(X–cl(A)) = cl(A)(X–A) = cl(A)–A. Thus cl(A)–A is δ̂ s-closed. 

(ii)(iv) Let A = Ucl(A) for some δ̂ s-open set U. Now A(X–l(A)) = (Ucl(A))(X–cl(A)) = 

(U(X–cl(A)))  (cl(A)  (X–cl(A)) = (U(X–cl(A)))  X = U (X–cl(A)) is δ̂ s-open. 

(iv)(ii) Let U = A(X–cl(A)). Then U is δ̂ s-open. Now Ucl(A) = (A(X–cl(A)))cl(A) = 

(cl(A)A)(cl(A)X–cl(A)) = A = A. Therefore A = Ucl(A) for some δ̂ s-open set U. 

 

Theorem 3.28. Let (X, , I) be an ideal space and A be a subset of X. If A δ̂ sILC and cl(A) = X, then A is 

δ̂ s-open. 

 

Proof. If A δ̂ sILC, then by Theorem 3.27, A(X–cl(A)) is δ̂ s-open. Since cl(A)=X, then A is δ̂ s-open. 

 

Theorem 3.29. Let A and B be subsets of an ideal space (X, , I). Then the following holds. 

(i) If A, B  δ̂ sILC then AB  δ̂ sILC 

(ii) If A, B  δ̂ sILC*, then AB  δ̂ sILC*. 

 

Proof. (i) It follows from Definition 3.22 and Theorem 3.27(ii) there exist a δ̂ s-open sets U and V such that A = 

Ucl(A) and B = Vcl(B). Then AB = (Ucl(A)) (Vcl(B)) = (UV)(cl(A)cl(B)). Since 

UV is δ̂ s-open and cl(A)cl(B) is -I-closed, AB δ̂ sILC. 

(ii) Form the Definition 3.23 there exist -I-open sets U and V and δ̂ s-closed sets, F and G such that A = UF 

and B = VG. Now, AB = (UF)(VG) = (UV)(FG) δ̂ sILC*, since by Theorem 4.23[9] FG is 

δ̂ s-closed and UF is -I-closed. 

 

Theorem 3.30.  Let A and B be subsets of (X, , I). Then the following holds. 

(i) If A δ̂ sILC and B is -I-closed, then AB  δ̂ sILC 

(ii) If A δ̂ sILC* and B is either -I-open or -I-closed, then AB  δ̂ sILC. 

 

Proof. (i) If A δ̂ sILC, then there exist a δ̂ s-open set U and a -I-closed set F in (X, , I), such that A = UF. 

Now, AB = (UF)B = U(FB) δ̂ sILC. 

(ii) If A δ̂ sILC*, then there exists -I-open set U and δ̂ s-closed set F such that A = UF. Now, AB = 

(UF)B = (UB)F δ̂ sILC*, for B is -I-open. For B is -I-closed, by Lemma 2.12, FB is δ̂ s-closed and 

so AB  δ̂ sILC*. 

 

IV. δ̂ S - NORMAL SPACES 

 In this section we introduce and study a class of normal space known as δ̂ s -normal spaces in an ideal 

topological spaces. 
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Definition 4.1. [6] A space (x,  ) is said to be g-normal if for every disjoint g-closed sets A and B, there exist 

disjoint open sets U and V such that AU and BV. 

Definition 4.2. [8] An ideal space (X, , I) is said  to be Ig-normal space if for every pair of disjoint closed sets 

A and B, there exist disjoint Ig-open sets U and V such that AU and BV. 

Definition 4.3. An ideal space (X, , I) is said  to be δ̂ s-normal space if for every pair of disjoint closed sets A 

and B, there exist disjoint δ̂ s-open sets U and V such that AU and BV. 

 Since every δ̂ s-open set is Ig-open, every δ̂ s- normal space is Ig-normal. The following example shows 

that the converse is fails in some cases. 

 

Example 4.4. Let X={a, b, c, d},  = {X, , {b}, {a, b}, {b, c}, {a, b, c}, {a, b, d} and I={, {b}, {d},{b, d}}.  

The (X, , I) is Ig-normal but not δ̂ s-normal. 

 

Theorem 4.5. Let (X, , I) be an ideal space. Then the following are equivalent: 

i) X is δ̂ s-normal. 

ii) For every pair of disjoint closed sets A and B, there exist disjoint δ̂ s-open sets U and V such that AU 

and BV. 

iii) For every closed set A and open set V containing A, there exists a δ̂ -open set U such that AUcl(U) 

 V. 

iv) For any disjoint closed sets A and B, there exist a δ̂ s-open set U such that AU and cl(U)B=. 

v) For each pair of disjoint closed sets A and B in (X, , I), there exist δ̂ s-open sets, U and V such that 

AU, BV and cl(U)cl(V)=. 

 

Proof. (i)(ii). The proof  is follows from the definition of δ̂ s-normal space. 

(ii)(iii). Let A be a closed set and V be an open set containing A. Then X–V is the closed set distinct from A, 

therefore there exist disjoint δ̂ s-open sets U and W such that AU and X–VW. since UW=, UX–W. 

Therefore UX–WV and since X–W is δ̂ s-closed, then AUcl(U)cl(X–W)V, since V is open and 

hence semi-open. 

(iii) (iv). Let A and B be any disjoint closed sets.  Then X–B is an open set such that AX–B and by 

hypothesis there exist a δ̂ s-open set U such that AUcl(U) X–BV. cl(U) X–B. Hence cl(U)B=. 

(iv)(v). Let A and B are closed sets in (X, , I).  Then by assumption, there exists δ̂ s-open set U containing A 

such that cl(U)B=. Since cl(U) is closed, cl(U) and B are distinct closed set in (X, , I).  Therefore again 

by assumption, there exist a δ̂ s-open set V containing B, cl(V) cl(U)=. Hence cl(U) cl(V)=. 

(v)(i) Let A and B be any disjoint closed sets of (X, , I). By assumption, there exist δ̂ s-open sets U and V 

such that AU, BV and cl(U) cl(V)=.  We have UV= and thus (X, , I) is δ̂ s-normal. 

 

Theorem 4.6. Let (X,, I) be a δ̂ s-normal space. If F is closed and A is a δ̂ s-closed set such that AF=, then 

there exist disjoint δ̂ s-open set U and V such that AU and FV. 

 

Proof. Since AF=, AX–F Where X–F is open and hence semi-open, By hypothesis cl(A)X–F.  Since 

cl(A)F= and X is δ̂ s-normal and cl(A) is closed, there exist disjoint δ̂ s-open sets U and V such that 

cl(A)U and FV. 

 

Corollary 4.7. Let (X, , I) be a δ̂ s-normal space.  If F is of -I-closed and A is δ̂ s-closed such that AF= , 

then there exists disjoint δ̂ s-open set U and V such that AU and FV. 

 

Proof. The Poof follows from the fact that every -I-closed set is closed. 

 

Corollary 4.8. Let (X, , I) be a δ̂ s-normal space. If F is -closed and A is δ̂ s-closed such that AF=, then 

there exist disjoint δ̂ s-open set U and V such that AU and FV. 

 

Proof. The proof follows from the fact that every -closed set is -I-closed. 
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Corollary 4.9. Let (X, , I) be δ̂ s-normal space.  If F is regular closed and A is δ̂ s-closed set such that AF=, 

then there exists disjoint δ̂ s-open sets U and V such that cl(A)U and FV. 

 

Definition 4.10. An ideal space (X, , I) is said to be δ̂ s-I-normal if for each pair of disjoint δ̂ s-closed sets A 

and B, there exist disjoint open sets U and V in X such that AU and BV. 

 

Theorem 4.11. Let (X, , I) be an ideal space.  Then the following are equivalent. 

(i) δ̂ s-I-normal. 

(ii) For each pair of disjoint δ̂ s-closed sets A and B, there exist disjoint open sets U and V in X such that 

AU and BV. 

(iii) For every δ̂ s-closed set A and every δ̂ s-open set V containing A, there exist an open set U of X such that 

AUcl(U)V. 

(iv) For each disjoint pair of δ̂ s-closed sets A and B, there exist an open set U such that AU and 

cl(U)B=. 

 

Proof. (i)(ii). The proof follows from the definition. 

(ii)(iii). Let A be a δ̂ s-closed set and V be a δ̂ s-open set containing A. Then X–V is δ̂ s-closed.  Hence A and 

X–V are disjoint δ̂ s-closed sets.  By hypothesis there exists disjoint open sets U and W such that AU and X–

VW. Since UW=, UX–W or WX–U. Therefore UX–WV. Therefore AUcl(U) cl(X–W)= X–

WV. 

(iii) (iv). Let A and B are disjoint δ̂ s-closed sets. Then X–B is a δ̂ s-open set containing A and therefore by 

hypothesis, there exist an open set U such that A  U  cl(U)  X–B. Therefore cl(U)  B = . 

(iv) (i). Let A and B are disjoint δ̂ s-closed sets.  By hypothesis there exists an open set U containing A and 

cl(U) B=. If we take V=X–cl(U), then V is an open set containing B.  Therefore U and V are disjoint open 

sets such that AU and BV. This proves (X, , I) is δ̂ s-I-normal. 

 

Remark 4.12. The following implications hold for an ideal space (X, , I).  Here A B means A implies B, but 
not conversely and A  B means the implications not hold on either side. 

 

δ̂ s-normal                  δ̂ s-I-normal 

 

 

         normal 

 

       Ig-normal         g-normal 

Theorem 4.13. Let (X, , I) be an ideal space. Then every closed subspace of a δ̂ s-normal space is δ̂ s-normal. 

 

Proof. Let G be a closed subspace of a δ̂ s-normal space (X,, I).  Let 1 be the relative topology for G.  Let E1 

and F1 be any two disjoint 1-closed subsets of G. Then there exist -closed subsets E and F such that E1=GE 

and F1=GF.  Since G and E are –closed, E1 is also -closed and F1 is also -closed. Thus E1 and F1 are disjoint 

subsets of δ̂ s-normal space (X, , I).  Therefore, there exist disjoint δ̂ s-open sets U and V such that E1U and 

F1V.  Hence for every disjoint closed sets E1 and F1 in G, we can find disjoint δ̂ s-open sets U and V such that 

E1U and F1V. Therefore E1UG and F1VG, where UG and VG are disjoint δ̂ s-open sets in G. 

Hence (G, , I) is δ̂ s-normal. 

 

V.  δ̂ S-CONNECTED SPACE 

 In this section we define and study a connected space known as δ̂ s-connected space. 

Definition 5.1. X = AB is said to be a δ̂ s-separation of X if A and B are non-empty disjoint δ̂ s-open sets. If 

there is no δ̂ s-separation of X, then X is said to be δ̂ s-connected.  Otherwise it is said to be δ̂ s-disconnected. 
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Note 5.2. If X=AB is a δ̂ s-separation then A = X–B and B = X–A.  Hence A and B are δ̂ s-closed. 

Theorem 5.3. An ideal space is (X, , I) is δ̂ s-connected if and only if the only subsets which are both δ̂ s-open 

and δ̂ s-closed are X and . 

 

Proof. Necessity - Let (X, , I) be a δ̂ s-connected space. Suppose that A is a proper subset which is both δ̂ s-

open and δ̂ s-closed then X=A(X–A) is a δ̂ s-separation of X.  Which is a contradiction. 

Sufficiency - Let  be the only subset which is both δ̂ s-open and δ̂ s-closed.  Suppose X is not δ̂ s-connected, 

then X=AB where A and B are non-empty disjoint δ̂ s-open subsets which is contradiction. 

Definition 5.4. Let Y be a subset of X. Then Y=AB is said to be δ̂ s-separation of Y if A and B are non-empty 

disjoint δ̂ s-open sets in X.  If there is no δ̂ s-separation of Y then Y is said to be δ̂ s-connected subset of X. 

Theorem 5.5. Let (X, , I) be an ideal topological space. If X is δ̂ s-connected, then X cannot be written as the 

union of two disjoint non-empty δ̂ s-closed sets. 

 

Proof. Suppose not, that is X = AB, where A and B are δ̂ s-closed sets, A, B and AB, Then A = 

XB and B = XA. Since A and B are δ̂ s-closed sets which implies that A and B are δ̂ s-open sets. Therefore X 

is not δ̂ s-connected. Which is a contradiction. 

 

Corollary 5.6. Let (X, , I) be an ideal topological space. If X is δ̂ s-connected, then X cannot be written as the 

union of two disjoint non-empty -closed sets. 

Corollary 5.7. Let (X, , I) be an ideal topological space. If X is δ̂ s-connected, then X cannot be written as the 

union of two disjoint non-empty -I-closed sets. 

Definition 5.8. Two non-empty subsets A and B of an ideal space (X, , I) are called δ̂ s - separated if Acl(B) 

= cl(A)B = . 

Remark 5.9. Since cl(A)cl(A), Acl(B) = cl(A)BAcl(B)= cl(A)B=. Here δ̂ s - separated sets are 

separated. But the converse need not be true as shown in the following example. 

Example 5.10. Let X={a,b,c,d}, ={X,,{b},{a,b},{b,c},{a,b,c},{a,b,d}} and I={, {c},{d},{c,d}}. Let 

A={c},B={d}. Then Acl(B)=cl(A)B={c}{d}=. But Acl(B)={c}X={c}≠ and cl(A)B= 

X{d}≠. Therefore A and B are separated but not δ̂ s-separated.  

Theorem 5.11.  Let (X, , I) be an ideal space. If A is δ̂ s - connected set of X and H, G are δ̂ s - separated sets 

of X with AHG, then either AH or AG. 

 

Proof.  Let AHG, Since A = (AH)(AG), then (AG)cl(AH) Gcl(H) = . Similarly, we have 

cl(AG)(AH) = . Suppose that, AH and AG are non-empty, then A is not δ̂ s – connected. This is a 

contradiction. Thus either AH =  or AG = . Which implies that AH or AG. 

 

Theorem 5.12.  If A is δ̂ s-connected set of an ideal topological space (X, , I) and ABcl(A), then B is δ̂ s - 

connected. 

 

Proof.  Suppose that B is not δ̂ s - connected. There exist δ̂ s - separated sets H and G such that B = HG. This 

implies that H and G are non-empty and Gcl(H) = Hcl(G) = . By Theorem 5.11, we have either AH or 

AG. Suppose AG. Then cl(A) cl(G) and Hcl(A) = . This implies that HBcl(A) and H = 

cl(A)H = . Thus H is an empty set. Since H is non-empty, there is a contradiction. Similarly, suppose AH, 

then G is empty. Therefore contradiction. Hence B is δ̂ s - connected. 

 

Corollary 5.13.  If A is a δ̂ s-connected set in an ideal space (X, , I), then cl(A) is δ̂ s-connected.  

 

Proof. The proof is obvious.  

 

Corollary 5.14.  If A is a δ̂ s-connected set in an ideal space (X, , I), then cl(A) is δ̂ s-connected. 

Corollary 5.15.  If A is a δ̂ s-connected set in an ideal space (X, , I), then cl*(A) is δ̂ s-connected. 
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Corollary 5.16.  If A is a δ̂ s-connected set in an ideal space (X, , I), then A* is δ̂ s-connected. 

 

Proof.  The proof is obvious.  

 

Theorem 5.17.  If {A : } is a non-empty family of δ̂ s - connected sets of an ideal space (X, , I) with 
Δα
  

A  , then 
Δα
 A is δ̂ s - connected. 

 

Proof.  Suppose 
Δα
 A is not δ̂ s-connected. Then we have 

Δα
 A = HG, where H and G are δ̂ s-separated 

sets in X. Since 
Δα
  A  , x

Δα
  A. Also since x

Δα
  A, either xH or xG. Suppose xH. Since xA 

for each , A and H intersects for each . By Theorem 5.11, AH or AG. Since H and G are disjoint 

AH for all  and hence 
Δα
 AH. Which implies that G is empty. This is a contradiction. Similarly, 

suppose xG. then we have H is empty. This is a contradiction. Thus 
Δα
 A is δ̂ s-connected. 
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