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I. Introduction and Preliminaries 
The concept of fuzzy set was introduced by Zadeh [8]. Since then the concept has invaded nearly all branches of 

mathematics. In 1985, a fuzzy topology on a set X was defined as a fuzzy subset T of the family IX of fuzzy subsets of X 

satisfying three axioms, the basic properties of such a topology were represented by Sostak [6]. In 1992, Ramadan [4], 

studied the concepts of smooth topological spaces. The method of centered systems in the theory of topology was introduced 
in [3]. In 2007, the above concept was extended to fuzzy topological spaces by Uma, Roja and Balasubramanian [8]. In this 

paper, the method of β-centered system is studied in the theory of smooth fuzzy topology. The concept of extremally β-

disconnectedness in maximal structure (R) of maximal smooth fuzzy β-centered system is introduced and its properties are 
studied. 

  

Definition 1.1. [6] 

A function T: I
X

 I is called a smooth fuzzy topology on X if it satisfies the following conditions: 

a) T  0  = T  1  = 1  

b) T(12)  T(1)T(2) for any 1, 2  I
X

 

c)  
i i

i iT T( )
 

    For any { i} i


  I
X 

 

The pair (X, T) is called a smooth fuzzy topological space. 

 

Definition 1.2. [7] 

Let R be a fuzzy Hausdroff space. A system p = {  } of fuzzy open sets of R is called fuzzy centered system if any 
finite collection of fuzzy sets of the system has a non-zero intersection. The system p is called maximal fuzzy centered 

system or a fuzzy end if it cannot be included in any larger fuzzy centered system.  

 

Definition 1.3. [7] 

Let (R) denotes the collection of all fuzzy ends belonging to R. We introduce a fuzzy topology in (R) in the 

following way: Let P be the set of all fuzzy ends that include  as an element, where  is a fuzzy open set of R. Now P is a 

fuzzy neighbourhood of each fuzzy end contained in P. Thus to each fuzzy open set of R, there corresponds a fuzzy 

neighbourhood P in (R). 
 

Definition 1.4. [7] 

A fuzzy Hausdroff space R is extremally disconnected if the closure of an open set is open. 

 

Definition 1.5. [1] 

The fuzzy real line R(L) is the set of all monotone decreasing elements   LR  satisfying  { (t)/ t  R } = 1 and  

{ (t)/ t  R } = 0, after the identification of ,   LR iff (t-) = (t) and (t) = (t+) for all t  R, where (t-) =  { (s) 

: s < t } and (t+) =         { (s) : s > t }. The natural L-fuzzy topology on R(L) is generated from the sub-basis    { Lt, Rt } 

where Lt() = (t-) and Rt() = (t+).   
 

Definition 1.6. [2] 

The L-fuzzy unit interval I (L) is a subset of R(L) such that []  I(L) if (t) = 1 for      t < 0 and (t) = 0 for t > 1.  
 

 

EXTREMALLY β-DISCONNECTEDNESS IN SMOOTH 

FUZZY β-CENTERED SYSTEM 
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Definition 1.7. [5] 

A fuzzy set  is quasi-coincident with a fuzzy set , denoted by  q , if there exists x  X such that (x)  (x) > 

1, otherwise  q  
 . 

II. The Spaces of maximal smooth fuzzy β-centered systems 

In this section the maximal smooth fuzzy centered system is introduced and its properties are discussed.  

 

Definition 2.1. 
A smooth fuzzy topological space (X, T) is said to be smooth fuzzy β-Hausdorff iff for any two distinct fuzzy points 

xt
1
, xt

2 
in X, there exists r-fuzzy β-open sets ,   IX  such that xt

1
  and xt

2 
  with  q . 

 

Definition 2.2.  

Let R be a smooth fuzzy β-Hausdorff space. A system p
β
 = { 

i 
} of r-fuzzy β-open sets of R is called a smooth 

fuzzy β-centered system if any finite collection of { i } is such that i q j for i ≠ j. The system p
β
 is called maximal smooth 

fuzzy β-centered system or a smooth fuzzy β-end if it cannot be included in any larger smooth fuzzy     β-centered system. 

 

Definition 2.3. 

Let (X, T) be a smooth fuzzy topological space. Its Q*β-neighbourhood structure is a mapping Q* : X x I
X

  I (X 
denotes the totality of all fuzzy points in X), defined by 

Q*(
t

0x , ) = sup {  :  is an r-fuzzy β-open set,   , 
t

0x   } and  

    = 
qx t

0

inf Q*(
t

0x , ) is r-fuzzy β-open set. 

 

We note the following Properties of maximal smooth fuzzy β-centred system. 

(1) If i  p
β
 ( i = 1, 2, 3…n), then 

i

n

1i



 p. 

 

Proof:  

If i  p
β
 (i = 1, 2, 3…n), then i q j for i ≠ j. If  

i

n

1i



 p

β
, then p

β
  {

i

n

1i



} will be a larger smooth fuzzy β-end than p. 

This contradicts the maximality of p
β
. Therefore, 

i

n

1i



  p

β
. 

(2) If 0    < ,   p
β
 and  is an r-fuzzy β-open set, then   p

β
. 

 

Proof: 

     If   p
β
, then p

β
  {  } will be a larger smooth fuzzy β-end than p

β
. This contradicts the maximality of p

β
. Therefore  

 p
β. 

(3) If  is r-fuzzy β-open set, then   p
β
 iff there exists   p

β
 such that       

 q µ. 
 

Proof: 

Let   p
β
 be an r-fuzzy β-open set. If there exists no   p

β
 such that  q µ, then  q  µ for all   p

β
. That is, p

β
  

{  } will be a larger smooth fuzzy β-end than p
β
. This contradicts the maximality of p

β
. 

     Conversely, suppose that there exists   p
β
 such that  q µ. If   p

β
, then q µ. Contradiction. Hence   p

β
.  

(3) If 1  2 = 3  p
β
, 1 and 2 are r-fuzzy β-open sets in R with 1 

q 2, then either 1  p
β
 or 2  p

β
. 

 

Proof: 

Let us suppose that both 1  p
β
 and 2  p

β
. Then 1 q 2. Contradiction. Hence either 1  p

β
 or 2  p

β
. 

 

Note 2.1 

Every smooth fuzzy β-centered system can be extended in atleast one way to a maximum one. 

 

III. The Smooth Fuzzy maximal structure in (R). 
In this section, smooth fuzzy maximal structure in the collection of all smooth fuzzy β-ends (R) is introduced and 

its properties are investigated. 

Let (R) denotes the collection of all smooth fuzzy β-ends belonging to R. We introduce a smooth fuzzy maximal 

structure in (R) in the following way:  
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Let P be the set of all smooth fuzzy β-ends that include  as an element, where  is a r-fuzzy β-open set of R. Now, 

P is a smooth fuzzy Q* β-neighbourhood structure of each smooth fuzzy β-end contained in P. Thus to each r-fuzzy β-open 

set  of R corresponds a smooth fuzzy Q* β-neighbourhood structure P in (R). 
 

Proposition 3.1. 

If  and µ are r-fuzzy β-open sets, then   

(a)  P = P  P. 

(b)  P  
)r,(C1 )R(T

P


 = (R). 

Proof: 

(a) Let p
β
  P. That is,   p

β
. Then by Property (2),     p

β
. That is, p

β
  P. Hence P  P   P. Let pβ  P 

.That is,     p
β
. By the definition of P,   p

β
 or   p

β
. That is, p

β
  P  or p

β
  P, therefore, p

β
  P  P . This 

shows that P  P   P. Hence, P = P  P. 

(b) If p
β
  

)r,(C1 )R(T
P


, then )r,(C1 )R(T   p

β
. That is,   p

β
 and p

β
  P. Hence,      (R)  )r,(C1 )R(T

P


 P. If p
β
 

 P, then   p
β
. That is,  )r,(C1 )R(T   p

β
, p

β


)r,(C1 )R(T
P


. Therefore, p

β
  (R)  

)r,(C1 )R(T
P


. That is, P  

(R)   )r,(C1 )R(T
P


. Hence, P  

),(1 )( rC RT

P


 = (R). 

 

Proposition 3.2. 

(R) With the smooth fuzzy maximal structure described above is a smooth fuzzy β-compact space and has a base 

of smooth fuzzy Q*β-neighbourhood structure {P } that are both r-fuzzy β-open and r-fuzzy β-closed. 
 

Proof: 

Each P in (R) is a r-fuzzy β-open by definition and by (b) of Proposition 3.1, it follows that it is r-fuzzy β-closed. 

Thus (R) has a base of smooth fuzzy Q*β-neighbourhood structure { P } that are both r-fuzzy β-open and r-fuzzy β-closed. 

We now show that (R) is smooth fuzzy β-compact. Let { P

 } be a covering of (R) where each P

 is r-fuzzy β-open. If it 

is impossible to pick a finite sub covering from the covering, then no set of the form 1   


n

i 1  

β-CT(R)( i
, r) is 0 , since 

otherwise the sets P


i 

would form a finite covering of (R). Hence the sets 1   


n

i 1

 β-CT(R)( i
, r) form a smooth fuzzy β-

centered system. It may be extended to a maximal smooth fuzzy        β-centered system p
β
. This maximal smooth fuzzy β-

centered system is not contained in { P
 

} since it contains in particular, all the 1   β-CT(R)( i
, r). This contradiction proves 

that (R) is smooth fuzzy β-compact. 
 

IV. Smooth fuzzy Extremally β-Disconnectedness in the maximal structure (R). 
Definition 4.1. 

A smooth fuzzy β-Hausdorff space R is smooth fuzzy extremally β-disconnected if β-CT(R)(, r) is r-fuzzy β-open 

for any r-fuzzy β-open set , r  I
0
. 

 

Proposition 4.1. 

The maximal smooth fuzzy structure (R) of maximal smooth fuzzy β-centered system of R is smooth fuzzy 
extremally β-disconnected. 

 

Proof: 

The proof of this theorem follows from the following equation 



P = β-CT((R))( 

P , r), r  I
0
. If  < , it 

follows that P  P and therefore 


P  β-CT((R))(



P , r). By Proposition 3.2, 



P is r-fuzzy β-closed and 

therefore, β-CT((R))( 
P , r)  



P . Let p be an arbitrary element of 



P = 


P . Then by Pro.3.1 (a), p

β
  β-

CT((R))( 
P , r). Therefore, 



P  β-CT((R))( 

P , r). Hence, 



P = β-CT((R))( 

P , r). 
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Note 4.1. 

The maximal structure (R) of maximal smooth fuzzy β-centered system is smooth fuzzy extremally β-disconnected if 



P = β-CT((R))(


P , r) where ‘s r-fuzzy β-open sets. By Pro 3.1(a), it follows that 



P = β-CT((R))( 


P , r). 

That is, P
∆

 = β-CT((R))( P
∆
, r) where ∆ = 



 . 

Proposition 4.2. 

Let (R) be an maximal smooth fuzzy β-centered system of the smooth fuzzy β-Hausdorff space R. Then the 
following conditions are equivalent:  

(a) The space (R) is smooth fuzzy extremally β-disconnected. 

(b) For each r-fuzzy β-open P
∆
, β-IT((R))( (R)  P

∆
,r) is r-fuzzy β-closed, r  I

0
.               

(c) For each r-fuzzy β-open P
∆
, β-CT((R))( P

∆
, r)  β-CT((R))( (R)   CT((R))( P

∆
, r), r) = (R), r  I

0
.               

(d) For every pair of collections of r-fuzzy β-open sets { P
∆

 } and { Pµ
∆
 } such that    β-CT((R))( P

∆
, r)  Pµ

∆
 = (R), we 

have β-CT((R))( P
∆
, r)  β-CT((R))( Pµ

∆
, r) = (R), r  I

0
.   

             

Proof: 

(a)  (b).  

     Let (R) be an smooth fuzzy extremally β-disconnected space and suppose that P
∆

 be r-fuzzy β-open, r  I
0
. Now, β-

CT((R))(P
∆
, r) = (R)  β-IT((R))( (R)  P

∆
, r). Since (R) is smooth fuzzy extremally β-disconnected, P

∆
 = β-CT((R))(P

∆
, 

r). Now, P
∆
 =                  (R)  β-IT((R))( (R)  P

∆
, r). Since , P

∆
  is r-fuzzy β-open.   

 

(b)  (c).  

Suppose that P
∆

 be r-fuzzy β-open, r  I
0
. Then,  

β-CT((R))( P
∆
, r)  β-CT((R))( (R)  β-CT((R))( P

∆
, r), r) 

=  β-CT((R))( P
∆
, r)  β -CT((R))(β -IT((R))((R)  P

∆
, r), r) 

=  β-CT((R))( P
∆
, r)  β-IT((R))((R)  P

∆
, r) 

=  β-CT((R))( P
∆
, r)  (R)  β-CT((R))( P

∆
, r) 

=  (R). 

(c)  (d).  

    Suppose that P
∆

 and Pµ
∆
 are r-fuzzy β-open, r  I

0
, with  

β-CT((R))( P
∆
, r)  Pµ

∆
 = (R)                                                (4.3.1) 

     Now by (c), we have  

             (R)   =  β-CT((R))( P
∆
, r)  β-CT((R))((R)  β-CT((R))( P

∆
, r), r ) 

             = β-CT((R))(P
∆
, r)  β-CT((R))( Pµ

∆
, r)                                        (from (4.3.1)) 

     Hence, β -CT((R))( P
∆
, r)  β -CT((R))( Pµ

∆
, r) = (R). 

 

(d)  (a).  

     Let us suppose that Pµ
∆
 r-fuzzy β-open, r  I

0
 and let 

P
∆

 =  (R)  β-CT((R))(Pµ
∆
, r)                                 (4.3.2) 

    This implies that P
∆

 is r-fuzzy β-open. By (d), we have  

β-CT((R))( P
∆
, r)  β-CT((R))(Pµ

∆
, r) = (R).                               (4.3.3) 

     From (4.3.2) and (4.3.3) we have,  

      P
∆

 = β-CT((R))( P
∆
, r). By Note 4.1, it follows that (R) is smooth fuzzy extremally     β-disconnected. 

 

Proposition 4.3. 

Let (R) be the space of maximal smooth fuzzy β-centered system of the smooth fuzzy β-Hausdorff space R. Then, 

(R) is smooth fuzzy extremally β-disconnected iff for all r-fuzzy β-open P
∆

 and r-fuzzy β-closed Pµ
∆
 with P

∆
  Pµ

∆
, β-

CT((R))(P
∆
, r)  β-IT((R))(Pµ

∆
, r), r  I

0
. 

 

Proof:  

Let P
∆

 be r-fuzzy β-open and Pµ
∆
 be r-fuzzy β-closed, r  I

0
, with P

∆
  Pµ

∆
. Then                β-IT((R))( P

∆
, r)  β-

IT((R))(Pµ
∆
, r). That is, P

∆
  β-IT((R))(Pµ

∆
, r). This implies that,                β-CT((R))( P

∆
, r)  β-CT((R))(β-IT((R))(Pµ

∆
, r), r). By 

Proposition 4.2.(b), it follows that,         β-CT((R))( P
∆
, r)  IT((R))( P

∆
, r).  
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Conversely, suppose that Pµ
∆
 be r-fuzzy β-closed, r  I

0
. Then, β-IT((R))(Pµ

∆
, r)  Pµ

∆
. By assumption, β-CT((R))(β-

IT((R))(Pµ
∆
, r), r)  β -IT((R))(Pµ

∆
, r)             (4.3.1) 

But,   β-IT((R))(Pµ
∆
, r)  β -CT((R))(β-IT((R))(Pµ

∆
, r), r)                              (4.3.2) 

From (4.3.1) and (4.3.2), we get  

 β-IT((R))(Pµ
∆
, r) = β-CT((R))( β-IT((R))(Pµ

∆
, r), r). 

That is, β-IT((R))(Pµ
∆
, r)) is r-fuzzy β-closed. By Proposition 4.2(b), it follows that (R) is smooth fuzzy extremally 

β-disconnected. 

 

Remark 4.1. 

Let (R) be an smooth fuzzy extremally β-disconnected space. Let { P
∆

i

, (R)  Pµ
∆

i

, I ε N } be a collection such 

that P
∆

i
 are r-fuzzy β-open and Pµ

∆
I
 are r-fuzzy β-closed,      r  I

0
. Let P

∆
, P

∆
 are both r-fuzzy β-open and r-fuzzy β-closed. 

If P
∆

i
 
 
  P

∆
   Pµ

∆
i
  and P

∆
i
  P

∆
  

 
Pµ

∆
i

, then there exists an P
∆
 which is both r-fuzzy β-open and r-fuzzy        β-closed 

such that β-CT((R))( P
∆

i

, r)  P
∆

  β-IT((R))( Pµ
∆

i

, r). 

Proof: 

By proposition 4.3, we have β-CT((R))( P
∆

i

, r)  β-CT((R))(P
∆
, r)  β-IT((R))(P

∆
, r)        β-IT((R))(Pµ

∆
i

, r). 

Therefore, P
∆
 = β-CT((R))(P

∆
, r)  β-IT((R))(P

∆
, r) is such that r-fuzzy        β-open and r-fuzzy β-closed. Hence β-

CT((R))(P
∆

i

, r)  P
∆
  β-IT((R))(Pµ

∆
i

, r). 

 

Proposition 4.4. 

Let (R) be an smooth fuzzy extremally β-disconnected space. Let { P
∆q 

}qQ and { Pµ
∆q

}qQ be monotone 

increasing collections of r-fuzzy β-open and r-fuzzy β-closed sets and suppose that P
∆q1

  P
∆q2

 whenever q
1 

< q
2
 (Q is the 

set of all rational numbers). Then there exists a monotone increasing collections { Pη
∆q

 }qQ of r-fuzzy  β-open and r-fuzzy β-

closed sets such that β-CT((R))( P
∆q1

, r)  P
∆q2

 and P
∆q1 

 β-IT((R))( P
∆q2

, r) whenever q
1

 < q
2
, for all r-fuzzy β-open sets 


∆q

, 
∆q

, 
∆q

, r  I
0
. 

 

Proof: 

Let us arrange into a sequence { q
n
} of all rational numbers (without repetition). For every n  2, we shall define 

inductively a collection { P
∆qi

 / 1  i  n} such that for all     i < n 

β-CT((R))( P
∆q

, r)   P
∆q

i 
 if q < qi  

   P
∆q

i 

  β-IT((R))( P
∆q

, r)  if qi < q  

By Proposition 4.3.3, the countable collection { β-CT((R))(P
∆q1

, r)} and {β-IT((R))(P
∆q2

, r)} satisfy β-CT((R))(P
∆q1

, r)  β-

IT((R))(P
∆q2

, r) if q
1

 < q
2
. By Remark 4.3.1., there exists P

∆
1
 
which is both r-fuzzy β-open and r-fuzzy β-closed, with β-

CT((R))(P
∆q1

, r)  P
∆

1
 
         β-IT((R))(P

∆q2

, r). Setting P
∆

1
 
= P

∆q
1

 we get (S2). Define P
∆
 =  { P

∆qi

 / i < n, q
i
 < q

n
 }  

P
∆qn

and P
∆
 =  { P

∆qj 

/ j < n, q
j
 > q

n
 }  P

∆qn

. Then, we have  β-CT((R))(P
∆qi 

, r)            β-CT((R))(P
∆
, r)  β-IT((R))(P

∆qj

, 

r) and β-CT((R))(P
∆qi 

, r)     β-IT((R))(P
∆
, r)  β-IT((R))(P

∆qj

, r) whenever q
i
 < q

n
 < q

j
 (i < j < n) and P

∆q
  β-CT((R))(P

∆
, r) 

  P
∆q

' and P
∆q 
 β-IT((R))(P

∆
, r)  P

∆q
' whenever q < qn < q'. This shows that the countable collections {P

∆qi

 / i < n, q
i
 < 

q
n
 }  {P

∆q 
/ q < qn } and  

{P
∆qj

 / j < n, q
j
 > q

n
 }  {P

∆q /q > qn } together with P
∆
 and P

∆
 fulfill all the conditions of 

Remark 4.1. Hence there exists a collection P
∆qn

 which is   r-fuzzy β-open and r-fuzzy β-closed such that  

β-CT((R))(P
∆qn

, r)  P
∆q   if q > qn, 

P
∆q  
β-IT((R))( P

∆qn

, r)   if q < q
n
 

β-CT((R))( P
∆qi

, r)  β-IT((R))( P
∆qn

, r) if q
i
 < q

n
 

β-CT((R))(P
∆qn

, r)  β-IT((R))(P
∆qj

, r) if q
j 
> q

n
  where 1  i, j  n 1. 

(Sn) 
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Now setting P
∆qn

 = P
∆qn 

we obtain the collections P
∆q1

, P
∆q2

,…, P
∆qn

, that satisfy (Sn+1). Therefore the collection { P
∆qi

 / i 

= 1,2,3, --- n } has the required property.  

 

Definition 4.2. 

Let (R) be an maximal smooth fuzzy β-centered system. The smooth fuzzy real line R*(I) in smooth fuzzy β-

centered system is the set of all monotone decreasing        r-fuzzy β-sets { P
∆

 } satisfying  { P
∆

(t) / t  R } = (R) and  { 

P
∆

(t) /t  R } = , after the identification of P
∆

 and P
∆
 iff P

∆
(t-) = P

∆
 (t-) and P

∆
(t) = P

∆
 (t+) for all  t  R, where P

∆
(t-) =                   

 { P
∆

(s) / s < t } and P
∆

(t+) =  { P
∆

(s) / s > t }. The natural smooth fuzzy topology on R*(I) is generated from the sub-basis 

{ Lt*, Rt*} where Lt*[ P
∆
] = P

∆
(t-) and Rt*[ P

∆
] = P

∆
(t+). A partial order on R*(I) is defined by [P

∆
]  [P

∆
] iff P

∆
(t-)  

P
∆

(t-) and P
∆

(t)  Pµ
∆

(t+) for all t  R. 

 

Definition 4.3.  

Let (R) be an maximal smooth fuzzy β-centered system. The smooth fuzzy unit interval I*(I) in smooth fuzzy β-

centered system is a subset of R*(I) such that [P
∆
]  I*(I) if P

∆
(t) = (R) for t < 0 and P

∆
(t) =  for t > 1 where ∆’s are r-

fuzzy β-open set and t  R, r  I
0
. 

 

Definition 4.4. 

Let (R) be an maximal smooth fuzzy β-centered system. A mapping f : (R)  R*(I) is called lower (upper) 

smooth fuzzy β-continuous if f1(Rt*) (resp. f1(Lt*)) is r-fuzzy     β-open (resp. f1(Lt*) is r-fuzzy β-open and r-fuzzy β-

closed set), for all t  R, r  I
0
. 

 

Proposition 4.5. 

Let (R) be an maximal smooth fuzzy β-centered system. Let f : (R)  R*(I) be a mapping such that 

                           (R)  t < 0 

 

                   =            P
∆

(t)  0  t  1 

 

       t > 1 

     Where 
∆
 is a r-fuzzy β-open set. Then f is lower (upper) smooth fuzzy β-continuous iff  

∆
is a r-fuzzy β-open set(resp r-

fuzzy β-closed). 

 

Proof: 

     Now,              (R)  t < 0  
  

                                                             P
∆

(t)  0  t  1 

 

                t > 1 
 

implies that f is lower smooth fuzzy β-continuous iff P(t) is r-fuzzy β-open. 

     Now,     (R)  t < 0 
 

                         P
∆

(t)  0  t  1 

 

                 t > 1 

 

implies that f is upper smooth fuzzy β-continuous iff P
∆

(t) is r-fuzzy β-open and r-fuzzy β-closed. 

 

Definition 4.5. 

Let (R) be an maximal smooth fuzzy β-centered system. The characteristic function 
P

∆

 (P
∆
) is a function 

P
∆

: 

(R)  I*(I) defined by 
P

∆

(Pμ
∆
) = P

∆
 if Pμ

∆
  (R). 

Definition 4.6.  

Let (R) be an maximal smooth fuzzy β-centered system. Then 
P

∆

is lower (resp. upper) smooth fuzzy β-

continuous iff P
∆

 is r-fuzzy β-open(resp., P
∆
 is r-fuzzy β-open and r-fuzzy β-closed), r  I

0
. 

 

f(P∆(t)) 

f1(Rt*) =  

f1(Lt*) =  
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Definition 4.7. 

Let (R) be an maximal smooth fuzzy β-centered system. Then f : (R)  R*(I) is said to be strongly smooth fuzzy 

β-continuous if f1(Rt*) is smooth fuzzy β-open and    f1(Lt*) is both r-fuzzy β-open and r-fuzzy β-closed, for all t  R, r  
I

0
. 

 

Proposition 4.7. 

Let (R) be an maximal smooth fuzzy β-centered system. Then the following statements are equivalent : 

(a) (R) is an smooth fuzzy extremally β-disconnected space. 

(b) If g, h : (R)  R*(I), where g is lower smooth fuzzy β-continuous, h is    

         upper smooth fuzzy β-continuous and g  h, then there exists a strong    

          smooth fuzzy β-continuous function f such that g  f  h. 

(c)      If  (R)  P
∆
 and P

∆
 are both r-fuzzy β-open and β-closed with P

∆
  P

∆
,     

          then there exist a strong smooth fuzzy β-continuous function        

          f : (R)  I such that P
∆

  ((R)  L1*)f  R0*f  P
∆
. 

 

Proof: 

(a)  (b)  

Define Hi = h1Li
* and Gi = g1((R)  Ri*) , i  Q. Then we have two monotone increasing collections Hi which are r-

fuzzy β-open sets and Gi r-fuzzy β-closed sets,      r  I
0
. Moreover Hi  Gj if i < j. By Proposition 4.3.4, there exists a 

monotone increasing collections of r-fuzzy β-open and r-fuzzy β-closed sets { Fi }iQ, such that    β-CT((R))(Hi, r)  Fj and  Fi  

 β-IT((R))(Gj, r) if i < j. Set Vk  = 
ki
 (1  Fi) such that Vk is a monotone decreasing collection of r-fuzzy β-open and r-fuzzy 

β-closed sets. 

Moreover, β-CT((R))(Vk, r)  β-IT((R))(Vj, r) whenever k < j. 

Therefore, 
Rk
 Vk  = 

Rk
 (

ki
 (1  Fi)) 

    
Rk
 (

ki
 (1  Gi)) 

   = 
Rk
 (

ki
 g1(Ri*)) 

   =
Rk
 ( g1(Rk*)) 

                                              = g1(
Rk
 Rk*) 

                                                 = (R). 

Similarly, 
Rk
 Vk = . 

Define a function f : (R)  R*(I) satisfying the required properties. Let f(P
∆

i

) = 
∆i

(t) where P
∆i

(t) is a collection 

in Vk. To prove that f is strongly smooth fuzzy β-continuous. We observe that 
kj
 Vj  = 

kj
 β-IT((R)) (Vj, r) and 

kj
 Vj = 

kj
 β-CT((R))(Vj, r). Then f

1
(Rk*) = 

kj
 Vj =  

kj
 β-IT((R))(Vj, r) is r-fuzzy β-open set and f

1
(1 - Lk*) =

kj
 Vj = 

kj
 β-

CT((R))(Vj, r) is r-fuzzy β-closed and f1(Lk*) is r-fuzzy β-open set. Hence f is strongly smooth fuzzy β-continuous. 

To show that g  f  h. That is, g1(1  Lt*)  f1(1  Lt*)  h1(1  Lt*), g1(Rt*)  f1(Rt*)   h1(Rt*). 

Now,   g1(1  Lt*)            = 
ts

  g1(1  Ls*) 

    = 
ts


sp

 g1(Rp*) 

    =
ts


sp

 (1  Gp) 

    
ts


sp

 (1  Fp) 

    =
ts

 Vs 

    = f
1(1  Lt*)  

         f1((R)  Lt*)  = 
ts

  Vs     
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    =
ts


sp

 (1  Fp) 

    
ts


sp

 (1  Hp) 

    =
ts


sp

 h1(1  Lp*) 

    =
ts

  h1(1  Ls*) 

    = h
1(1  Lt*) 

Similarly we obtain, 

                 g1(Rt*)  = 
ts

  g1(Rs*) 

 = 
ts


sp

 g1(Rp*) 

    =
ts


sp

  (1  Gp) 

    
ts


sp

  (1  Fp) 

    =
ts

 Vs 

    = f
1(Rt*) and  

f1(Rt*)  = 
ts

  Vs     

    = 
ts


sp

 (1  Fp) 

     
ts


sp

 (1  Hp) 

    = 
ts


sp

 h1(1  Lp*) 

     = 
ts

  h1( Rs*) 

    = h1(Rt*).  
Thus (b) is proved. 

 

(b)  (c)  

Suppose P
∆
 is r-fuzzy β-open set and r-fuzzy β-closed set and P

∆
 is r-fuzzy β-open set and r-fuzzy β-closed set with 

P
∆
  P

∆
. Then 

Pμ
∆

  
P

∆

, where 
Pμ

∆

, 
P

∆

are lower and upper smooth fuzzy β-continuous function respectively. By (b), 

there exist a strongly smooth fuzzy β-continuous function f : (R)  R(I) such that 
Pμ

∆

  f  
P

∆

. Clearly f(P
∆
)  I*(I) and 

P
∆

 = (1  L1*)
Pμ

∆

  (1  L1*)f  R0*f   R0* 
P

∆

  P
∆

. Therefore, P
∆

   (1  L1*)f  R0*f  P
∆
. 

 

(c)  (a)  

By (c), it follows that (1  L1*)f and R0*f are r-fuzzy β-open and r-fuzzy β-closed. By Proposition 4.3, it follows that 

(R) is an smooth fuzzy extremally β-disconnected space. 
 

V. Tietze Extension Theorem 
In this section, Tietze Extension Theorem for smooth fuzzy extremally β-disconnected space is discussed. 

 

Proposition 5.1. 

Let (R) be a smooth fuzzy extremally β-disconnected space. Let A  (R) and the collection { P
∆ 

} in A such that 


P

∆

 is r-fuzzy β-open. Let f : A  I*(I)  be a strongly smooth fuzzy β-continuous function. Then, f has a strongly smooth 

fuzzy β-continuous extension over (R). 
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Proof: 

Let g, h : (R)  I*(I) be such that g = f = h on A.  
Now, 

          P
∆t 
 

P
∆

                if  t  0 

                                     (R)           if t < 0  where P
∆t 

is r-fuzzy β-open  

 

set and is such that  P
∆t 

= Rt*g in A. 

 

P
∆t 
 

P
∆

 if  t  1 

   (R)  if  t >1 where P
∆t

 is both  r-fuzzy β-open and β-closed set is such that  

P
∆t 

= Lt*h in A. Thus g is lower smooth fuzzy β-continuous, h is upper smooth fuzzy β-continuous and g  h. By 

Proposition 4.7, there is a strong smooth fuzzy β-continuous function F: (R)  I*(I) such that g  F  h. Hence f  F on A. 
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Rt*g =  

Lt*h =  

 


