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On The Number of Zeros of a Polynomial inside the Unit Disk

M. H. Gulzar
Department of Mathematics University of Kashmir, Srinagar 190006

Abstract: In this paper we find an upper bound for the number of zeros of a polynomial inside the unit disk, when the
coefficients of the polynomial or their real and imaginary parts are restricted to certain conditions.

Mathematics Subject Classification:  30C10, 30C15
Key-words and phrases: Polynomial, Unit disk, Zero.

I. Introduction and Statement of Results
Regarding the number of zeros of a polynomial inside the unit disk, the following results were recently proved by
M. H. Gulzar [2]:

n .
Theorem A: Let P (z) = Zaj z' be a polynomial of degree n such that for some p >0,
j=0
p+a, za,  ; =...2a 24,.

Then the number of zeros of P (z) in |I;a/l_0| < |Z| <0,0< 6 <1 does not exceed
1
1 : I0g 2p +|a,| +|an|+|ao| -a, |
log — %
0g s

Where M1:2p+|an|+an—ao.
n .

TheoremB: Let P (2) =Zasz be a polynomial of degree n with complex coefficients .If
j=0

Reaj =a; Imaj =ﬁj, J=0.1,...,n,and for some >0,

prta,za, .20, 2a,,

E£|z|£5,0<5<1,

then the number of zeros of P(z) in , does not exceed

2p+|an|+ a, +|a0| —a, + ZZ‘,BJ-‘
7 log 1=0

loa * 2|
0g S

n
Where M, =2p+|an|+an -a, +|ﬁ0|+22‘ﬂj‘.
j=1

n .
Theorem C: Let P(z):Zasz be a polynomial of degree n with complex coefficients .If
j=0

Reaj =a; Imaj =ﬁj, J=0.1,...,n,and for some >0,

P+By2Byaz 2Pz [

m£|z|£5,0<5<1,

then the number of zeros of P(z) in 5 does not exceed
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20+ B0+ By + 1Bl - o + 2 )|
j=0

a,|

1

log 1 o0
o

Where M, =2p+|B.|+ B, — B, +|a0|+22‘ai"
=

n .
Theorem D. Let P (z) = Zai z' Dbe a polynomial of degree n with complex coefficients such that

=0
‘arg a, —,B‘ <a< % j=0,1,...n, for some real S
and
|p + an| > |an_1| =2 |al| > |a0| forsome p >0.
Then the number of Zeros of P(2) in L{;—O| < |Z| <6,0<6 <1, does not exceed
4
-1
. (p +|a,(cosa +sina +1) —|a,|(cos & — sin & —1) + 2sin anZ‘aj‘
7109 o =
log — 0
0g s
where

n-1
M, =(p +|a,)(cosa +sin a +1) —|a,|(cos & — sin ) + 25in aZ‘aj‘
j=1
In this paper, we prove certain generalizations of the above results. In fact, we prove the following :
n
Theorem 1: Let P(z) = Zajz’ be a polynomial of degree n with Re(a;) = «; and Im(a;) = B;,j=0,1.2,......n. If
j=0
for some real numbers 1, p>0,1<k<n,ea,, #0, o, ,, >, ,

pro, 2o, 2.0, A, A 220 20,

a,|

then the number of zeros of P(z) in IVE < |Z| <0,0< 0 <1, does not exceed
5

. 2p+|ag| + o, + (A-Da, +|A Yo, |- +|a0|+22‘ﬁj‘
i=0

" 1Iog
95

a,|

where Mg =2p +|a, |+ a, + (A -Da, , +|A - a, |-, +|ﬁ0|+22n:‘ﬁj‘,
j=1

a,|

andif «, , >, 4, then the number of zeros of P(z) in IR < |Z| <9,0< 6 <1, does not exceed
6

. 2p +|ay| + oy + (U= Ve, + 11— A, | — o +|a0|+22‘ﬂj‘
i=0

log 1
)

log

a,|

where M =2p+|ocn|+0:n +(1-Ae, +|1—/1||an_k|—a0 +|ﬂ0|+22n:‘ﬂj‘.
j=1
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Remark 1: Taking A =1, Theorem 1 reduces to Theorem B.
Remark 2: If a; are real i.e. ﬂj =0 for all j, Theorem 1 gives the following result which reduces to Theorem A by

taking A =1:
n
Theorem 2: Let P(z)= Zajz’ be a polynomial of degree n .If for some real numbers A,p >0,
j=0
1<k<na,, #0,a,,,>a,,,
p+a, za,,>..a,,, =243, , =28, ,,=>..2a =a,,

a
then the number of zeros of P(z) in !\/I_O| < |Z| <0,0< 6 <1, does not exceed
7

1 |0g 2p + |an| +a, + (ﬂ, _1)an—k + |2' _]'Han—k | — 8y + |a0|
log - l |
o
where M, =2p + |an| +a,+(A-Da, _, + |/I _]“anfk| ~ 8y,
andif a,, >a, ., then the number of zeros of P(z) in ||3I_O| < |Z| <0,0<6 <1, does not exceed
8
1 l0g 2p+|a,|+a, +@1-Aa,, +1-1a, | -a, +|a]
log P |
o

where My =2p +|a,[+a, + 01— A)a,_, +[1-]a, |- a,.
Applying Theorem 1 to the polynomial —iP(z), we get the following result, which reduces to Theorem C by taking A =1:

n
Theorem 3: Let P(z) = Zajz’ be a polynomial of degree n with Re(a;) = «; and Im(a;) = B;,j=0,1.2,......n. If

j=0
for some real numbers A, p >0, 1<k<n,B, . #0, B, > B.«:

p + ﬂn 2 ﬂn—l 2 "'ﬂn—kﬂ 2 /’Lﬂn—k 2 ﬂn—k—l 2.2 ﬂl 2 :Bo'
a
then the number of zeros of P(z) in |I\/I_0| < |Z| <0,0< 0 <1, does not exceed
9

20416+ By + A=Dfsc +A=YB,| - o + o] + 22 ||

2|

log

log 1
o

where Mg =2p +|B,|+ B, + (A =D B, +|A 1B - Bo +|0‘0|+22‘ai"
-1

a,|

andif S, > [, .1, then the number of zeros of P(z) in I < |Z| <9,0< 6 <1, does not exceed
10

20416, + By + (U= DB+ L= ABy| - o + o] + 22 |

2|

o0 T log
o

where Mg =2 +| B, ]+ B, + (L= ) By +[1= A B, | = B + et + 2D |er |
j=1
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n

Theorem 4: Let P(Z)=Z:ajzJ be a polynomial of degree n .If for some real numbers A>0,p>0,
j=0

1<k<n,a,, #0,

lp+ay=la, ] = =, ] = e ] =|au] = =] =]a.

T
and for some real £, ‘argaj—ﬂ‘ <a< > J=01.....,n and |an7k71| > |an7k|, i.e. 4 >1 then the number of zeros of

P(z) in !\j—o| < |Z| <0,0< 06 <1, does not exceed

11
[(p+|a,|(cos a +sina+1)—|a, ,|(cos & —sina — A cosa— Asina — A +1)

n-1
—|a,|(cos @ —sin a —1) + 2sin & Z‘aj ‘]
j=L j=n—k

a,|

1 log

log =
95

where My, = (p +|a,|(cos & +sin & +1) —|a,_,|(cos @ —sin @ — A cos @ — Asin e — A +1)

n-1
—|ap|(cos ar —sin @) + 2sin & Z‘aj‘
j=1, j=n—k

a,|

and if |an7k| > |an7k+1| ,i.e. 4 <1, then the number of zeros of P(z) in I < |Z| <9,0< 6 <1, does not exceed
12

[(p+|a,|(cosa +sina +1) +|a, ,|(cosa + sina — Acosa + Asina +1- 4)

-1
. —|a0|(c05a—sina—1)+23ina_ nZ‘aj‘]
log JL)=nk Where

1 2|
log — 0
095

M,, =(p +|a,|(cosa +sina +1) +|a,  [(cosa +sina — Acosa + Asina +1— 1)

n-1
—|ag|(cos & —sina) + 2sin & Z‘aj‘ .
j=1, j=n—k
Remark 4: Taking A =1, Theorem 4 reduces to Theorem D.

I1. Lemmas
For the proofs of the above results, we need the following results:

n .
Lemma 1:. Let P(z):Zasz be a polynomial of degree n with complex coefficients such that
j=0
T
2
ta; —a;,|< [t\aj\—\aj-l\]cosa + MaiMaHHS'” a.

‘arg a; —ﬁ‘ <a<—,j=01,...n, for somereal /3 then for some t>0,

The proof of lemma 1 follows from a lemma due to Govil and Rahman [1].
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Lemma 2.1f p(z) is regular ,p(0) # 0 and | p(Z)| <Min |Z| <1, then the number of zeros of p(z) in |Z| <0,0< 06 <1, does

1
not exceed log
o

(see[4],p171).

1. Proofs of Theorems
Proof of Theorem 1: Consider the polynomial

F(z)=1-2)P(2)
=1-2)(a,z"+a,,2"" +..+ 2,2 +3,)
=-az™+(@, -a, )" +..+(@,_ ., —a,, )z "

+(@, ,—a, )" ...+ (8, —a,)z+a,

+ (an—k - a‘n—kfl)z "

= _(an + Iﬁn )Zn+l + (an - an—l)z to + (an—k+l — )Z et

+(a, — anfkfl)z”‘k + (g — oznfkf?_)zn_k_l o +(oy —y)2+
n H -

+i2(ﬂj _ﬂj—l)zj 'Hﬁo
i1

fa, ., >a then

n—k?

F(Z) = —(Oln +iﬂn)zn+1 _pZ" —|—(p+an _an71)2” N +(an—k+1 _anik)zn—kﬂ

& K Kk
+ (ﬁ’an—k - an—k—l)zn - (ﬂ“ —1)0{n_an + (an—k—l - an—k—Z)Zn ! t.o
n
+(o,—ay)z+a,+ iZ(,b’j ~f1)2) +ip,.
i1

For|Z| <1,

IF@)| <|ay|+p+p+a, =ty +ot @y =+ A — o A=,

n
= 2p+|an| +a,+(A-De, +|ﬂ —]4|an_k|—ao +|ao| + ZZ‘ﬂj‘
j=0
Hence by Lemma 2, the number of zeros of F(z) in |Z| <0,0< 6 <1, does not exceed

L 2olafray s (-Day |2 day |- ]+ 23 g
log =

log 1
o

2|

On the other hand, let
n+1 n n—k+1 n—k
Q (Z): —a,z + (an - an—l)Z Tt + (an7k+1 - an—k)Z + (anfk - an—kfl) z

+ (an—k—l - an—k—z)znikil Fon + (al - aO)Z
For|Z| <1,

Q)| <+ p+p+a, —ay g+t g — gy + A =+ A= |

F Uy — O g T +al—a0+|ﬁ0|+22‘ﬂj‘
j=1
=2p+|a,|+a, + (A=) +[A-Ya, |- ay + || + 2D |8;| = Ms.
j=1
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Since Q(0)=0, we have, by Rouche’s theorem,
1Q(z)| < My|7|, for|z| <1.
Thus

|F(2) =[a, +Q(2)|

>[ao| ~[Q(2)
Z |ao| -M 5|Z|
>0
if |Z| | 0|
This shows that F(z) has no zero in |Z| |a | . Consequently it follows that the number of zeros of F(z) and hence P(z) in
M 5
M < |Z| <6,0< 0 <1, does not exceed
M 5
n
. 2p +|ag |+ ey + (A =Dy +|A-Ya, |- +ag| + ZZ‘ﬁi‘
1 log |a | =
I - 0
0og S

If o, >0, ,,.then
F(Z):_(an —i_iﬂn)zwrl ,OZ +(p+a A, 1)2 +on +(an—k+l_mn—k)z

+ (an—k - an—k—l)zn “ - (1_ A‘)an_k Zn ke + (an—k—l - an_k_z)zn_k_l + .

+(a, — )2+ +iZn:(,Bj —,Bj_l)zj +ip,.

n—k+1

For |Z| <1,

IF@)| <|ay|+p+p+a, =ty +ot Qg — A+t — o L= A, |
n
+y Oyt O~ +|a0|+22‘ﬂj‘
=0
n
= 2p+|an| +a,+0-De, +|1—/1||an_k|— a, +|a0| + ZZ‘ﬁj‘
=0

Hence by Lemma 2, the number of zeros of F(z) in |Z| <0,0< 6 <1, does not exceed

. 2p +|ay| + o, + U= Ve, +1- A, | — o +|0:0|+22‘ﬁj‘
i=0

log

1 2|

log= 0
og 5

On the other hand let

Q@)= — a, z"™ + (a a, 1)2 to + (an—k+l — )Z

+(an—k—l Ay k- z)zn Tt +(a1 _ao)z

ke + (an—k - an—kfl)Z n
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= _(an + iﬁn)ZnJrl _pzn + (p+ a, _an—l)zn T + (an—k+l _ﬂ“an—k)zkarl
+(a,, —a, )" —1-Aa,_ 2" (o, — )2 T
n .
+ (al —(ZO)Z + iZ(ﬂj _ﬂjfl)zj
j=1
For |Z| <1,

Q)| <+ p+ p+a, —ay g+t g — A+ A = L= Ay |

n
F O~ Uy F e +a1—a0+|,80|+22‘,8j‘
i1

n
=2p +|a,|+a, + (1= A) +[1- A, |- aq +|Bs] + 2D |B;| =M,
j=1
Since Q(0)=0, we have, by Rouche’s theorem, J

1Q(z)| <Mz, for |z| <1.
Thus

|F(2) =[a, +Q(2)|

> [a,|—|Q(2)
2 |ao| -M 6|Z|
>0
if |Z| | 0|
6
This shows that F(z) has no zero in |Z| < M Consequently it follows that the number of zeros of F(z) and hence P(z) in
M 6
m < |Z| <0,0< 6 <1, does not exceed
M 6
n
. 2p +lay| + o + U= ey +L= ey | - ag +ag| + ZZ‘ﬁi‘
1 log |a | =
I - 0
0g S

That proves Theorem 1.

Proof of Theorem 4: Consider the polynomial
F(z)=1-2)P(2)
=Q1- z)(a 2" +a,,2" otz +a,)

=-az™+(@, -a, )" +..+(@, ., —a, )z "

+(an—k—1 n k— 2)2n “ l """ +(a1_ao)z+a0

If |an7k71| > |an7k|, ie. A>1,then

+ (an—k - a‘n—kfl)z "

F(z)=-a,z" —pt" +(p+a,—-a,,)2" +..+ (@, —a, )" "

+(Aa,  —a )" —(A-Da,_z" +(a_ ,—a, . )z "+
+(a,—a,)z+a,
so that for |Z| <1, we have by using Lemma 1,

IF(2)| <|a,|+p+|p+a, —a |+ +[a e — 0] +]A8 —a

WWW.ijmer.com 246 | Page



International Journal of Modern Engineering Research (IJMER)
WWW.ijmer.com Vol.3, Issue.1, Jan-Feb. 2013 pp-240-249 ISSN: 2249-6645

+A =Y, | + [y = s| oAy — 0] ]3|

<la,|+p+(p+a,|-|a, s cosa +(p+a,|+|a,)sina +.....
+(ay | — 2 cos o + (@, | + |ani ) sina + (2 =D, |
+(Aa,_ | - [ana) cosa + (Ala,_ | +]a, ) sin e
+(ay | —|ania) cosa + (| +]an o)) sine +......
+(a,| —|ao|) cos a + (|a,| + [a, ) sin & + |y |
<(p+la,))(cosa +sina +1) —a,_|(cosa —sina — Acosa — Asina — A +1)

n-1
~|ay|(cos e —sina 1) + 2sin Z‘aj‘
j=1, j=n—k

Hence, by Lemma 2, the number of zeros of F(z) in |Z| <0,0<6 <1, does not exceed

[(p+|a,|(cosa +sina +1) —[a,_|(cosa —sina — Acosa — Asina — A +1)

. —lag|(cosa —sinar —1) + 2sin ni‘aj‘]

log J=Lj=n-k On the other hand,
log 1 [a|
o
let
Q(2)= _a‘nZnJrl + (a —a, 1)Zn Fon + (an7k+1 _a‘n—k)ZnikJrl + (anfk _an—kfl)znik
+(an—k—l A k- 2)2n -« T +(a1_a0)z
For |Z| <1,

Q(z)| < (p +a,))(cosa +sina +1) —|a,_ |(cosa —sina — Acosa — Asina — A +1)

-1
—lap|(cos x —sina) + 2sin & nZ‘aj ‘
i=1, j£n—k
=M.
Since Q(0)=0, we have , by Rouche’s Theorem,
1Q(2)| <M y,|Z], for |z] <1.

Thus, for |Z| <1,

IF(2)] =[a, +Q(2)|
> [a,| -Q(2)
= |a0| -My,[7|

|o|

if |Z|

a, |

11

This shows that F(z) has all its zeros z with |Z| <1 in |Z| >

2ol

11

Thus, the number of zeros of F(z) and hence P(z) in < |Z| <0,0< 0 <1, does not exceed
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[(p+|a,|(cosa +sina +1) - |a,_|(cosa —sina — Acosa — Asina — A +1)
n-1
—|ag|(cosa —sinar —1) + 2sin Z‘aj‘]

j=1, j#n-k
2|

1

log 1
)

If |an7k| > |an7k+1|, ie. 4 <1, then

log

F(Z) = —anzn+1 _pzn + (p-l- a, — anil)zn NI + (an—k+1 _mn,k)zn7k+l

+ (@~ 84 1)Z" Q= D)a, 2T (B~ 8 ) 2T
+(a,-a,)z+a

so that for |Z| <1, we have by Lemma 1,

<la,|+p+(p+a,|-|a, s cosa+(p+a,|+|a, ) sina +.....
+ (2| = Alan i D cosa + (8, | + A, ) sina +1- A|a, |
+ (2| ~|an) cosa + (a,_ | +]a, ) sine
+ (s |~ [an2) cOs a + (@, | +|an o) sine +.....
+ (jay| —[ap) cos & + (|ay | +]a, ) sin & + [a,|
<(p+|a,)(cosa +sina +1) +|a,_|(cosa +sina —Acosa + Asina +1- 1)

n-1
~|ay|(cos e —sina: ~1) + 2sin Z‘aj‘
j=1, jen—k

Hence , by Lemma 2, the number of zeros of F(z) in |Z| <0,0< 6 <1, does not exceed
[(p+|a,|(cosa +sina +1) +|a,_ |[(cosa +sina — Acosa + Asina +1- 1)

—|ag|(cos & —sinar —1) + 2sin ni‘aj‘]

j=1, j=n—k

1
— 1o
log — a|

5 2

On the other hand, let
Q2)=-a,2""+(a,-a )" +....+(@ _,.,—a ,)Z
+@,  ,—a )" (e -8z
For |Z| <1, by using Lemma 1,

nk + (an—k - an—kfl) ank

1Q(2)| < (p +a,))(cos e +sina +1) +|a,_, |(cosa +Sina — Acosa + Asina +1— A)

-1
- |ao|(Cosa —sina) +2sina nZ‘aj ‘
j=1, j#n—k
=M,,.
Since Q(0)=0, we have , by Rouche’s Theorem,
Q(2)| < My,|Z|, for |z <1.

Thus, for |Z| <1,
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IF(2)|=la, +Q(2)

2 |ao| - |Q(Z)|
>|a,| - My,|7]
>0
if |z|<||\j—°|.
12

J2o]

12

This shows that F(z) has all its zeros z with |Z| <1 in |Z| >

a,|

Thus, the number of zeros of F(z) and hence P(z) in VIR < |Z| <0,0< 6 <1, does not exceed
12

[(p+|a,|(cosar +sina +1) +|a,_ |[(cosa +sina — Acosa + Asina +1— 1)

. ~|ag|(cos & —sina ~1) + 2sin & E‘aj‘]

lo j=1, j=n—k
1 o
log = 0
o
That proves Theorem 4.
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